
 

 

     

 

HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 
UNIT OVERVIEW 

This packet contains a curriculum-embedded CCLS aligned task and instructional supports. The task is 
embedded in a 4-5 week unit on Reasoning with Equations and Inequalities.  

TASK DETAILS 

Task Name: The Cycle Shop 

Grade: High School Algebra (Algebra 1) 

Subject: Mathematics 

Depth of Knowledge: 3 

Task Description: The tasks in the unit access the full range of Depth of Knowledge including Recalling 
and Recognizing, Using Procedures, Explaining and Concluding and Making Connections, Extensions 
and Justifying.   

Standards Assessed: 
A-CED.2 Create equations in two or more variables to represent relationships between quantities; graph 
equations on coordinate axes with labels and scales.  
A-CED.3 Represent constraints by equations or inequalities, and by systems of equations and/or inequalities, 
and interpret solutions as viable or nonviable options in a modeling context. For example, represent 
inequalities describing nutritional and cost constraints on combinations of different foods.  
A-REI.1 Explain each step in solving a simple equation as following from the equality of numbers asserted at 
the previous step, starting from the assumption that the original equation has a solution. Construct a viable 
argument to justify the solution method.  
A-REI.3 Solve linear equations and inequalities in one variable, including equations with coefficients 
represented by letters.  
A-REI.6 Solve systems of linear equations exactly and approximately (e.g., with graphs), focusing on pairs of 
linear equations in two variables.  
 

Standards for Mathematical Practice: 
MP.1 Make sense of problems and persevere in solving them.  
MP.3 Construct viable arguments and critique the reasoning of others. 
MP.4 Model with mathematics. 
MP.7 Look for and make use of structure. 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

PERFORMANCE TASK 
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Performance Task 
The Cycle Shop 

 
You work for a small business that sells bicycles, tricycles, and tandem bikes.   Bicycles have 
one seat, two pedals and two wheels.  Tricycles have one seat, two pedals, and three wheels.  
Tandem bikes have two seats, four pedals and two wheels.  
 
 
 
 
 

 

1. On Monday you counted 48 tricycle wheels.   
 
How many tricycles were in the shop? __________________. 
 
Write an algebraic equation that shows the relationship between the number of wheels (w) 
and the number of tricycles (t). 

 
 
 
 
 
2. On Wednesday there were no tandem bikes in the shop.  There were only bicycles and 

tricycles.  There are a total of 24 seats and 61 wheels in the shop.  How many bicycles and 
how many triangles are in the shop?  
 
_____________________________________________________ 
Show how you figured it out using algebra. 

 
 
 
 
 
 
 
 
 
 
 

 

Bicycle Tandem Bike Tricycle 
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Performance Task 
The Cycle Shop 

 
3. A month later, there are a different number of bicycles, tricycles tandem bikes in the shop.   

There are a total of 144 front steering handlebars, 378 pedals, and 320 wheels.  
 
How many bicycles, tricycles and tandem bikes are in the shop? 
 
_____________________________________________________  
 
Explain your solution. 

 
 
 

5



 

 

 

 

HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

RUBRIC 
 

 

The rubric section contains a scoring guide and performance level descriptions for the Cycle Shop task. 
 
Scoring Guide: The scoring guide is designed specifically to each small performance task. The points 
highlight each specific piece of student thinking and explanation required of the task and help teachers 
see common misconceptions (which errors or incorrect explanations) keep happening across several 
papers. The scoring guide can then be used to refer back to the performance level descriptions. 
 
 
Performance Level Descriptions: Performance level descriptions help teachers think about the overall 
qualities of work for each task by providing information about the expected level of performance for 
students. Performance level descriptions provide score ranges for each level, which are assessed using 
the scoring guide. 
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COMMON CORE CURRICULUM EMBEDDED TASK 

High School Algebra: The Cycle Shop 

Scoring Guide  

Cycle Shop Rubric 
 
The core elements of performance required by this task are: 
•   modelling a situation using systems of equations 
•   determining unknowns using multiple constraints 
•   solving equations 
 
Based on these, credit for specific aspects of performance should be assigned as follows 

 
 
 
 

points 

 
 
 

section 
points 

1. Gives correct answers 16 tricycles 

 

Writes an equation such as: 

     t = w/3 

1 

 

 

1 

 
 
 
 
 

2 

2. Gives correct answer: 11 bicycles and 13 tricycles  

Show correct work such as:  

 t: number of tricycles and b: number of bicycles 

 24 = t + b   and 61 = 3t + 2b   

so 61 = 3(24 – b) + 2b  and b = 11  and t = 13 

2x1 

 

1 

 

 

 

 

3 

3. Gives correct answer:  67 bicycles, 32 tricycle, 45 tandem bikes 

 

Gives an explanation such as:  

t: number of tricycles b: number of bicycles  n: number tandem bikes 

144 = t + b + n       378 = 2t + 2b + 4n         320 = 3t + 2b + 2n 

 

(320 = 3t + 2b + 2n)  -   (288 =2t + 2b + 2n) results in t = 32           

Substituting for t and using equations 1 & 2  (112 = b + n) – (314 = 2b + 4n) results in 
n = 45 

Substituting for t and n in first equation:  144 = 32 + b + 45 results in b = 67 

1 

 

 

 

1 

 

1 

1 

 

 

 

 

 

 

 

 

 

3 

 Total Points   8 
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COMMON CORE CURRICULUM EMBEDDED TASK 

High School Algebra: The Cycle Shop 
Rubric  

 
Performance Level Descriptions and Cut Scores 
Performance is reported at four levels: 1 through 4, with 4 as the highest.  
 
Level 1: Demonstrates Minimal Success (0 -2 points) 
The student’s response shows few of the elements of performance that the tasks demand as defined by 
the CCLS. The work shows a minimal attempt on the problem and struggles to make a coherent attack 
on the problem.  Communication is limited and shows minimal reasoning. The student responses rarely 
uses definitions in their explanations. The students struggle to recognize patterns or the structure of the 
problem situation. 
 
Level 2: Performance Below Standard (3 – 4 points) 
The student’s response shows some of the elements of performance that the tasks demand and some 
signs of a coherent attack on the core of some of the problems as defined by the CCSS.  However, the 
shortcomings are substantial and the evidence suggests that the student would not be able to produce 
high-quality solutions without significant further instruction. The student might ignore or fail to address 
some of the constraints of the problem. The student may occasionally make sense of quantities in 
relationships in the problem, but their use of quantity is limited or not fully developed. The student 
response may not state assumptions, definitions, and previously established results. While the student 
makes an attack on the problem it is incomplete. The student may recognize some patterns or 
structures, but has trouble generalizing or using them to solve the problem. 
 
Level 3: Performance at Standard (5 – 6 points) 
For most of the task, the student’s response shows the main elements of performance that the tasks 
demand as defined by the CCSS and is organized as a coherent attack on the core of the problem.  There 
are errors or omissions, some of which may be important, but of a kind that the student could well fix, 
with more time for checking and revision and some limited help. The student explains the problem and 
identifies constraints. Students make sense of quantities and their relationships in the problem 
situations. They often use abstractions to represent a problem symbolically or with other mathematical 
representations. The student response may use assumptions, definitions, and previously established 
results in constructing arguments.  They may make conjectures and build a logical progression of 
statements to explore the truth of their conjectures. The student might discern patterns or structures 
and make connections between representations. 
 
Level 4: Achieves Standards at a High Level (7 – 8 points) 
The student’s response meets the demands of nearly all of the tasks as defined by the CCSS, with few 
errors.  With some more time for checking and revision, excellent solutions would seem likely. The 
student response shows understanding and use of stated assumptions, definitions and previously 
established results in construction arguments.  The student is able to make conjectures and build a 
logical progression of statements to explore the truth of their conjecture. The student response 
routinely interprets their mathematical results in the context of the situation and reflects on whether 
the results make sense. The communication is precise, using definitions clearly. Students look closely to 
discern a pattern or structure.  The body of work looks at the overall situation of the problem and 
process, while attending to the details 

8



 
 

 

 

HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

ANNOTATED STUDENT WORK 
This section contains annotated student work at a range of score points. The student work shows 
examples of student understandings and misunderstandings of the task. This section contains 
annotated student work at a range of score points and implications for instruction for each 
performance level (excluding the expert level). The student work and annotations are intended 
to support teachers, showing examples of student understandings and misunderstandings of the 
task. The annotated student work and implications for instruction can be used to understand 
how to move students to the next performance level.  
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 

 

Level 4: Achieves Standards at a High Level (Score Range 7 – 8) 
The student’s response nearly meets the demands of the entire task, with few errors. With more time 
for checking and revisions, excellent solutions would seem likely. The student response shows 
understanding and use of stated assumptions, definitions and previously established results in 
constructing arguments. The student is able to make conjectures and build a logical progression of 
statements to explore the truth of their conjecture. The student response routinely interprets their 
mathematical results in the context of the situation and reflects on whether the results make sense. The 
communication is precise, using definitions clearly. The students look closely to discern a pattern or 
structure. The body of work looks at the overall situation of the problem and process, while attending to 
the details. 
 

STUDENT A – Level 4 
 

 

 

 

 

 

 

 

 

 

 

 

 

In part two, the 
student models the 
situation using two 
equations.  The 
student labels the 
variables, show a 
solution path for 
solving the system 
and then checks 
the solutions.  
A-REI.1, A-REI.6 
MP1, MP3 & MP4 

Student A 
achieved 
standards at a 
high level (4) with 
a score of 8.  The 
student 
demonstrates 
understanding of 
all parts of the 
task and provides 
written work that 
illustrates and 
justifies solutions. 

The student 
was able to 
find the 
answer to 
the number 
of tricycles 
and was able 
to create an 
equation to 
represent 
the situation. 
A-REI.3 & 
MP4 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 

 

 

 

STUDENT A – Level 4 continued 
 

 

 

 

 

 

 

 The student presents a clear solution 
to part 3.  The variables and values are 
labeled. The student modeled the 
situation using a system of three 
equations.  The work showed how the 
equations were used to find solutions.  
The values were then checked to 
verify the solution.  The student 
demonstrated skills in the following 
standards: A-REI.1, A-REI.6, MP1, MP3, 
MP4 & MP7. 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

Level 3: Performance at Standard (Score Range 5 - 6) 
For most of the task, the student’s response shows the main elements of performance that the tasks 
demand and is organized as a coherent attack on the core of the problem. There are errors or omissions, 
some of which may be important, but of a kind that the student could well fix, with more time for 
checking, revision and some limited help. The student explains the problem and identifies constraints. 
The student makes sense of quantities and their relationships in the problem situations. S/he often use 
abstractions to represent a problem symbolically or with other mathematical representations. The 
students response may use assumptions, definitions, and previously established results in constructing 
arguments. They may make conjectures and build a logical progression of statements to explore the 
truth of their conjectures. The student might discern patterns or structures and make connections 
between representations. 
 

STUDENT B – Level 3 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Student B met 
standard (Level 3) 
with a score of 5.  
This student 
showed 
understanding of 
using both 
constraints to find 
two unknowns, but 
the same strategy 
was more difficult 
for three 
constraints and 
three unknowns. 

In part two, the 
student arrived at the 
correct answers by 
using a table and 
reasoning with guess 
and check strategy. 
A-REI.6 
MP4, MP7 and MP1. 

The student was 
able to find the 
answer to the 
number of 
tricycles and was 
able to create an 
equation to 
represent the 
situation. A-REI.3 
& MP4  
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High School Algebra: The Cycle Shop 
Annotated Student Work 

STUDENT B – Level 3 continued 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

This student tried 
to use a similar 
strategy that was 
used in part two.  
It appears the 
table and data 
with three 
variables became 
more challenging 
to negotiate.  The 
students did not 
attempt to use 
equations to 
represent 
situations.  The 
standard A-REI.6 
was not met.  
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
Level 3 Implications for Instruction 
 
Students who met standard on the task can still improve their performance. Students must learn to 
provide complete and clear work. This should involve labeling variables and values to record and keep 
track of their own thinking.  It is equally important that students also check their solutions against all 
constraints to ensure the solutions are sound.   
 
Representing a system either through a set of equations, a table, a graph and/or diagram is an 
important and necessary first step.  Reasoning a solution using the representation is the second step.  If 
students use a table they must be systematic and complete in determining a solution.  If students use 
equations they must use an equal number of constraints as unknowns in order to ensure a correct 
solution to the system.  They can employ a process like substitution or elimination to isolate variables.  
They must understand why and how these processes work in order to reconstruct and persevere when 
faced with a complex set of equations.  Students who use a graph to determine solutions for a system 
must check the coordinates of the intersections to ensure the estimate meets the given conditions.  
Students should have experiences with all these strategies and understand how the different methods 
of solving systems relate and connect to one another. 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 

Level 2: Performance below Standard (Score Range 3 - 4) 
The student’s response shows some of the elements of performance that the tasks demand and some 
signs of a coherent attack on the core of some of the problems. However, the shortcomings are 
substantial, and the evidence suggests that the student would not be able to produce high-quality 
solutions without significant further instruction. The student might ignore or fail to address some of the 
constraints. The student may occasionally make sense of quantities in relationships to the problem, but 
their use of quantity is limited or not fully developed. The student response may not state assumptions, 
definitions, and previously established results. While the student makes an attack on the problem it is 
incomplete. The student may recognize some patterns or structures, but has trouble generalizing or 
using them to solve the problem. 
STUDENT C – Level 2 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Student C 
performed at Level 
2 with a score of 4 . 
The student was 
able to model the 
situations with 
equations, but was 
unable to use the 
equations to find 
solutions. 

The student modeled 
the situation with two 
correct equations and 
two unknowns.  MP4 
 
The student was 
unsuccessful solving 
the system.  The 
student failed to use 
the distributive 
property accurately. 

In part 1, the 
student correctly 
found the 
number of 
tricycles and 
formed an 
equation to 
represent the 
relationship in 
two variables. 
A-REI.3, A-REI.6 
, MP4 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 

 

 

STUDENT C – Level 2 continued 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The student was able 
to represent the 
situation using three 
equations and three 
variables. A-CED.3 
MP4 
  
The student was 
unable to use the 
equations to 
determine a solution. 
A-REI.6 
 MP7, MP1 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 

Level 2 Implications for Instruction 
 
Part two requires a more complex chain of reasoning than part 1.  Students need to sort and reason 
about two unknowns and two constraints.  When students first use variables, they are not precise in 
what the variable stands for in the situation.  If a student use b in an equation, does it mean:  

 the number of bikes? 

 the number of seats on a bike?  

 the number of wheels on a bike? 

 one bike?  
Students are often not sure of what the variable they chose actually represents.  Students need to be 
explicit about their variable assignments.  Once a variable is clearly defined by the students, then they 
must consider coefficients, other variables and constants in making meaning of the situation. 
 
Students need experiences in creating mathematical models for contextual situations.  The modeling 
experience may involve writing number sentences, making numerical tables, creating charts or 
diagrams, drawing or creating graphs and/or drawing pictures to characterize a situation.  Students will 
benefit from connecting and linking the representations to make sense how the representations model 
the situation.  Students learn to model situations by making sense of the problem and then tinkering 
with representations through trial and error. 
 
Students need to talk through why a mathematical model makes sense in representing a problem.  This 
can be done in pairs, small groups or by the whole class.  More instructional emphasis should be placed 
on finding and understanding why a representation makes sense, rather than merely finding the answer 
to problems in context. 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
 
Level 1: Demonstrates Minimal Success (Score Range 0 – 2) 
The student’s response shows few of the elements of performance that the tasks demand. The work 
shows a minimal attempt on the problem and struggles to make a coherent attack on the problem. 
Communication is limited and shows minimal reasoning. The student’s response rarely uses definitions 
in their explanations. The student struggles to recognize patterns or the structure of the problem 
situation. 
 
STUDENT D – Level 1 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Student D 
performed at 
Level 1, 
minimal 
success with a 
score of 0. The 
student 
attempted all 
the parts of the 
task, but was 
not able to 
achieve a point.  

In part 1, the 
student makes a 
classic mistake 
translating a word 
problem into an 
algebraic 
equation. Since  a 
tricycle has 3 
wheels, the 
student writes the 
equation t = 3w 
instead of the 
correct 
relationship w = 
3t. This is an error 
in correctly 
modeling the 
situation. MP4 

 

In part 2, the student 
starts to make a table, 
but is content to 
merely look at just 
one of the two 
constraints (total of 
24 seats). The student 
only checks equal 
values for the two 
cycles. The student 
lacks the ability to 
reason abstractly and 
quantitatively.  
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
 
 
 
STUDENT D – Level 1 continued 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

[Type a quote from the 
document or the summary of an 
interesting point. You can 
position the text box anywhere 
in the document. Use the Text 
Box Tools tab to change the 
formatting of the pull quote text 
box.] 

In part 3, the student 
appears to try and 
simplify the problem. 
This occasionally 
happens when students 
are unsuccessful creating 
a model of the situation. 
The student finds 
numbers from the stem 
of the problem and 
performs one-step 
operations to calculate 
an answer. MP4 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
 
 
STUDENT E – Level 1 

 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Student E 
performs at 
Level 1 with a 
score of 2. The 
student shows 
some success 
modeling the 
situations but 
there are errors 
in successfully 
using the 
structures to 
find solutions.  

In part 1, the 
student arrives at 
the correct 
answer and shows 
work, but writes 
an incorrect 
equation 
reversing the 
variables. This 
could be an issue 
of accuracy or 
misrepresenting 
equations. A-REI.1 

[Type a quote from the 
document or the summary of an 
interesting point. You can 
position the text box anywhere 
in the document. Use the Text 
Box Tools tab to change the 
formatting of the pull quote text 
box.] 

In part 2, the 
students 
creates a t-table 
and uses a 
guess and check 
strategy. The 
student seems 
to only focus on 
one constraint 
(tricycles) and 
finds numbers 
of seats and 
wheels without 
checking the 
second 
constraints. The 
student’s work 
shows lack of 
reasoning.  

[Type a quote from the 
document or the summary of an 
interesting point. You can 
position the text box anywhere 
in the document. Use the Text 
Box Tools tab to change the 
formatting of the pull quote text 
box.] 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
 
 
STUDENT E – Level 1 continued 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

In part 3, the student 
represents only one of the 
three equations correctly. It 
is not clear the student 
understands what the 
variables represent. This 
student needs more 
experience representing 
situations with equations. 
A-REI.6, MP4 
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High School Algebra: The Cycle Shop 
Annotated Student Work 

 
Level 1 Implications for Instruction 
 
Students need support in problem solving and looking for structure in mathematical situations. They 
need experiences in identifying the unknowns in a situation and determining the relationship between 
the quantities. Having students engage in conversations with other students about what is unknown and 
the relationship between quantities is an important step in developing understanding of a problem 
situation.  
 
Representing the relationship of two quantities in an equation is an important step. This can first be 
learned by writing number sentences for specific values and their relationships. Only after representing 
a specific case can students understand an equation that involves unknown quantities. Students need 
multiple experiences at modeling situations by using equations. Understanding why an equation is 
incorrect for a situation allows students to make sense of the process in a different manner. 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

INSTRUCTIONAL SUPPORTS 
The instructional supports on the following pages include a unit outline with formative assessments 
and suggested learning activities. Teachers may use this unit outline as it is described, integrate parts 
of it into a currently existing curriculum unit, or use it as a model or checklist for a currently existing 
unit on a different topic.  
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FORMATIVE ASSESSMENT: THE WHEEL SHOP………..………………………….….45 
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Unit Outline  
  
IINNTTRROODDUUCCTTIIOONN:: This unit outline provides an example of how teachers may integrate 
performance tasks into a unit. Teachers may (a) use this unit outline as it is described below; 
(b) integrate parts of it into a currently existing curriculum unit; or (c) use it as a model or 
checklist for a currently existing unit on a different topic. 
 

Grade 9 Algebra 1: Solving Systems of Equations 

UUNNIITT  TTOOPPIICC  AANNDD  LLEENNGGTTHH::    
 The length of the unit includes suggested time spent on the classroom instruction of lessons 

and administration of assessments. Please note that this outline does not include individual 
lessons. The units should run between 20 and 25 standard periods of instruction.  Five of 
the periods will involve the pre-assessment (0.5 periods), introducing and supporting 
problem solving on the long lesson (2 periods), teaching the formative assessment lesson (2 
periods) and the final assessment (0.5 periods). 

CCOOMMMMOONN  CCOORREE  LLEEAARRNNIINNGG  SSTTAANNDDAARRDDSS: 
 
 A-CED.2 Create equations in two or more variables to represent relationships between 

quantities; graph equations on coordinate axes with labels and scales.  
 A-CED.3 Represent constraints by equations or inequalities, and by systems of equations 

and/or inequalities, and interpret solutions as viable or nonviable options in a modeling 
context. For example, represent inequalities describing nutritional and cost constraints on 
combinations of different foods.  

 A-REI.1 Explain each step in solving a simple equation as following from the equality of 
numbers asserted at the previous step, starting from the assumption that the original 
equation has a solution. Construct a viable argument to justify the solution method.  

 A-REI.3 Solve linear equations and inequalities in one variable, including equations with 
coefficients represented by letters.  

 A-REI.6 Solve systems of linear equations exactly and approximately (e.g., with graphs), 
focusing on pairs of linear equations in two variables.  

 MP.1 Make sense of problems and persevere in solving them.  
 MP.3 Construct viable arguments and critique the reasoning of others. 
 MP.4 Model with mathematics. 
 MP.7 Look for and make use of structure. 

 

BBIIGG  IIDDEEAASS//EENNDDUURRIINNGG  UUNNDDEERRSSTTAANNDDIINNGGSS::  
Student will understand: 
 How to represent a system with tables, 

graphs and equations. 
 How to solve a system of equations. 
 How to use the unknown, constraints 

and their relationships to model a 
system. 

EESSSSEENNTTIIAALL  QQUUEESSTTIIOONNSS::    
 

 How can situations be modeled as a 
system of linear equations and how to find 
solutions using all constraints? 
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CCOONNTTEENNTT::  

  
 The big idea of the unit is modeling 

situations using algebraic tools such as 
tables, graphs, equations and use to 
solve systems. 

 Students determine relationships of 
objects and operations needed to 
develop a system. 

 Students apply the new knowledge to 
solving problems in context. 

 

 

SSKKIILLLLSS::    

  
 Student will use graphs, tables and 

equations to model simultaneous linear 
systems. 

 Students will use algebraic techniques to 
find solutions to two variable linear 
systems. 

 Students will compare and contrast 
graphs of their systems. 
 

AASSSSEESSSSMMEENNTT  EEVVIIDDEENNCCEE  AANNDD  AACCTTIIVVIITTIIEESS::  

IINNIITTIIAALL  AASSSSEESSSSMMEENNTT  ::    
The unit begins with the touchstone performance task Fencing.  The task is designed to measure 
what students bring to the unit in regards to their knowledge of solving a basic system of two linear 
equations with two unknowns.  Please reference Fencing for full details.  

FFOORRMMAATTIIVVEE  AASSSSEESSSSMMEENNTT::    

The Formative Assessment Lesson is entitled Solving Linear Equations in Two Variables.  A 
different pre-assessment task should be administered prior to the two-day lesson, either in class or 
for homework.  Student should spend no more than 10 minutes on the task.  Teachers review the 
student work prior to teaching the lesson.  The FAL comes with complete teacher notes and the 
student pages. Please reference Solving Linear Equations in Two Variables for full details.  

FFIINNAALL  PPEERRFFOORRMMAANNCCEE  TTAASSKK::    
 
The final performance assessment is entitled The Cycle Shop.  It should be administer during a class 
period.  Most students will complete the task in about 20 – 25 minutes, although time should not be 
a factor.  The teacher should provide a reasonable amount of time for all students to finish.  The 
students should be allowed to use any tools or materials they normally use in their classroom.  The 
task can be read to the students and all accommodations delineated in IEP should be followed.  
Please reference The Cycle Shop for full details.  

LLEEAARRNNIINNGG  PPLLAANN  &&  AACCTTIIVVIITTIIEESS::    
 The unit is designed with a pre-assessment task, an expert investigation, a formative 

assessment lesson and a final assessment.  The mathematics of the unit involves writing 
equations from context and describing relationships using two variables.  Students will 
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learn how to model situations by deriving simultaneous equations and solving the systems 
through tabular, graphical or algebraic means.  This unit is designed to accompany the 
curriculum a teacher currently uses to teach the topics listed.  That includes instruction in 
modeling linear systems in two variables using equations, graphs and tables.  It also 
includes developing techniques in solving systems through intersections of lines, or using 
methods to solve equations.  The elements in the unit will provide activities to foster 
formative assessment practices, conceptual understanding and non-routine problem 
solving.   

 
 The expert investigation is entitled The Wheel Shop.  It contains four separate but 

mathematically related problems labeled Part B, Part C, Part D, and Part E.  All students 
should start with the Part B task and then proceed at their own speed to Part C and perhaps 
Part E.  It is more important for the student to work deeply on a part and complete a write 
up than to merely work through and find answers.  It is the student’s responsibility to be 
reflective and thorough in their explanations, findings and justifications.  The investigation 
comes with administration and teacher notes, the expert investigation, report guidelines 
and rubric. 
 

Re-engagement: The unit begins with a pre-assessment called sponsored walk.  After the teacher 
analyzes the student performances decision of how to proceed through the lesson is important. 
Instead of going back to re-teach skill and concepts lacking, it is much more powerful for the 
teacher to use the work students have already done on a contextual problem to help them build 
upon their understanding from previous thinking.   That process is called “re-engagement”.  It is 
powerful to use student work because students become very engaged in the process of figuring out 
what someone else is thinking.  This process of analyzing and contrasting student thinking raises 
the cognitive demand for students and supports them to be more reflective about their own 
thinking. The re-engagement lesson will depend upon the results form the students in each 
individual class.  Thus, each lesson will look very different from class to class. Students have already 
done the task on their own and now the important ideas need to be brought out and examined. In 
the process, students must have the opportunity to confront and understand the error in the logic 
of their misconceptions. Often, as teachers, we try to prevent errors by giving frequent reminders, 
such as “line up the decimal point”.  But actually errors provide great opportunities for learning for 
all students. Students don’t let go of misconceptions until they understand why they don’t make 
sense.  For the student, there is underlying logic to their misconceptions. 
 

Re-engagement – Confronting misconceptions, providing feedback on thinking, going deeper 
into the mathematics. 
1. Start with a foundational problem to bring all the students along; this allows students to 

clarify and articulate important mathematics in order to better understand the entirety of 
the task. 

2. Share different student approaches and ask all students to make sense of each strategy.  
Have all students compare the strategies to look for the mathematical connections and 
relationships. 

3. Have students analyze misconceptions and discuss why they don’t make sense.  In the 
process students can let go of misconceptions and clarify their thinking about big 
mathematical ideas. 

4. Have students determine how a strategy could be modified to get the correct solution.   
Have students look for the seeds of mathematical thinking in the selected student work. 
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Think/Write/Pair/Share is a high leverage strategy that respects individual time to process and 
organize ideas before engaging in peer-to-peer discussions. This process can be used throughout 
the unit as a vehicle for students to self reflect, construct new meaning by building on the ideas of 
others, and strengthen their arguments. 
 

Journal Entries for Reflection: Using a prompt such as, “How has my thinking changed as a result of 

what I have discussed with my peers?” or “How can I improve my argument or explanation using 

evidence and content vocabulary?” can provide valuable opportunities for students to tweak their 
own solutions, during class or for homework, and subsequently, deepen their understanding of 
content. 
 
Purposeful Questioning and Feedback are instructional supports that can help refocus students’ 
attention on specific aspects of their work. Some suggestions based on misunderstandings and 
misconceptions are included in the Formative Assessment Lesson Solving Linear Equations in 
Two Variables. Although these error patterns/questions relate to this specific assessment task they 
can be easily modified to address similar misconceptions that are revealed from any other 
problems or tasks used. 
 

RREESSOOUURRCCEESS::  
 Normal materials used in math class include manipulatives such as cards for matching 

activity, square tiles, counters, and cm graph paper. 
 All the materials referenced in the assessments, formative assessment lesson and expert 

investigation are included. Most supplementary materials are located in the appendix, 
including the established scored benchmark papers and some student work examples. 

 What isn’t included in print materials can be found on a TBA websites. 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

INITIAL TASK: FENCING 
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COMMON CORE CURRICULUM EMBEDDED TASK 

Fencing 

This problem gives you the chance to: 
 interpret given information  
 choose and use an appropriate method to solve a problem 

 
 

Jon buys fencing for his yard.  

 

He pays $122 for 5 fence posts and 4 fence panels.  

 

 

 

 

 

 

 

He pays $570 for 21 fence posts and 20 fence panels. 

 

How much does he pay for 4 fence posts and 3 fence panels? $__________________ 

 

Show how you figured it out. 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

 

FORMATIVE ASSESSMENT LESSON:  
SOLVING LINEAR EQUATIONS IN TWO 

VARIABLES 
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Solving Linear Equations in Two Variables  
Mathematical goals 
This lesson unit is intended to help you assess how well students are able to formulate and solve problems using 
algebra and, in particular, to identify and help students who have the following difficulties:  

• Solving a problem using two linear equations with two variables. 
• Interpreting the meaning of algebraic expressions.  

Common Core State Standards 
This lesson involves mathematical content in the standards from across the grades, with emphasis on: 

A-CED: Create equations that describe numbers or relationships. 
A-REI: Solve systems of equations.  
This lesson involves a range of mathematical practices, with emphasis on:  

2.  Reason abstractly and quantitatively.  
3. Construct viable arguments and critique the reasoning of others.  

Introduction  
This lesson is structured in the following way:  

• Before the lesson, students work individually on the assessment task Notebooks and Pens. You then 
review their work and create questions for students to answer in order to improve their solutions. 

• During the lesson, students work individually on a task that requires them to interpret and solve two 
equations in two variables. Students then compare and discuss their solutions in small groups. 

• In the same small groups, students evaluate some sample solutions of the same task. 
• In a whole-class discussion, students explain and compare the alternative solution strategies they have 

seen and used.  
• Finally, students use what they have learned to revise their work on Notebooks and Pens. 

Materials required 
• Each individual student will need two copies of the assessment task Notebooks and Pens, and a copy of 

the lesson task Cash Registers. 
• Each small group of students will need a blank sheet of paper, and copies of the four sheets Sample 

Student Work. 
• Graph paper should be kept in reserve and used only when requested. 
• Projector resources are provided to support the whole-class discussion.  

Time needed 
Approximately fifteen minutes before the lesson, a one-hour lesson, and ten minutes in a follow-up lesson (or for 
homework). Timings given are only approximate. Exact timings will depend on the needs of the class.  
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Before the lesson 

Assessment task: Notebooks and Pens (15 minutes)  
Have the students do this task in class or for homework a day or more 
before the formative assessment lesson. This will give you an 
opportunity to assess the work and to find out the kinds of difficulties 
students have with it. You will then be able to target your help more 
effectively in the follow-up lesson.  

Give each student a copy of Notebooks and Pens. 

Introduce the task briefly and help the class to understand the problem 
and its context.  

Read through the questions, and try to answer them as 
carefully as you can.  

Show all your work, so that I can understand your reasoning. 

It is important that students are allowed to answer the questions without 
assistance, as far as possible. 

Students should not worry too much if they cannot understand or do 
everything, because there will be a lesson using a similar task, which should help them. Explain to students that 
by the end of the next lesson, they should expect to answer questions such as these confidently. This is their 
goal. 

Assessing students’ responses  
Collect students’ responses to the task. Make some notes on what their work reveals about their current levels of 
understanding. The purpose of doing this is to forewarn you of issues that will arise during the lesson itself, so 
that you may prepare carefully. 

We suggest that you do not score students’ work. The research shows that this will be counterproductive, as it 
encourages students to compare their scores and distracts their attention from what they can do to improve their 
mathematics.  

Instead, help students to make further progress by summarizing their difficulties as a series of questions. Some 
suggestions for these are given on the next page. These have been drawn from common difficulties observed in 
trials of this lesson unit.  

We suggest that you write a list of your own questions, based on your students’ work, using the ideas below. 
You may choose to write questions on each student’s work. If you do not have time to do this, select a few 
questions that will be of help to the majority of students. These can be written on the board at the end of the 
lesson. 

Solving Linear Equations in Two Variables Student Materials Beta version 16 January 2011 
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Notebooks and Pens 
 

A store sells pens at $2 and notebooks at $5.  

n = number of notebooks sold. 

p = number of pens sold. 

The following equations are true:   

4n = p  

5n + 2p  = 39 

Here is what Dan and Emma think the equations mean: 

  

 

 

  
Dan 

 
Emma 

 

 
Is Dan correct?   

If you think Dan is wrong, explain the mistake and explain what you think 4n = p means. 

 

 

 

Is Emma correct?  

If you think Emma is wrong, explain the mistake and explain what you think 5n + 2p  = 39 means.  

 

 

 

Figure out for yourself the number of pens and the number of notebooks sold in the store. 

Number of pens sold = ..................................... Number of notebooks sold = .........................................  
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Common issues: Suggested questions and prompts: 

Student assumes that the letter stands for an 
object not a number 
For example: The student says that the statements are 
correct.  

Or: The student realizes the equations are incorrect, 
but is unable to explain why. 

• What does the letter p represent? 
• Write the equation as a sentence. Does your 

sentence match what Dan/Emma said? 
• If n = 3, what would p equal in the first equation? 

Which is greater: n or p? 
• Are there more notebooks than pens? How do you 

know? 

Student only uses one equation 
For example: The student finds a value or values for 
n and p that fits one equation but not the other, such 
as n = 1 and p = 4 for the first equation. 

• For this equation, is there another pair of values 
for n and p? And another? How do you know 
which value is correct? 

• How can you check that your values for n and p 
work for both equations? 

Student produces unsystematic guess and check 
work 
For example: The student works out three or four 
seemingly unconnected combinations of values for n 
and p. 

• What is a sensible value to try for n (or p)? Why? 
• Can you organize your work in a table? 

Student provides poor explanation 
For example: The student presents the work as a 
series of unexplained numbers and/or calculations. 

 

• Would someone unfamiliar with your type of 
solution easily understand your work?  

• Have you explained how you arrived at your 
answer? 

Student makes algebraic mistakes 
For example: The student makes a mistake when 
manipulating the algebra in the equations. 

• How can you check that your answer is correct? 

Student solves the two equations correctly 
Student needs an extension task. 

• Can you now use a different method, for example, 
a table, a graph, or algebra? 

• Is this method better than your original one? 
Why? 
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Suggested lesson outline 

Individual work: Cash Registers  (10 minutes)  
Give each student the task sheet Cash Registers. Help 
students to understand the problem, and explain the 
context of the task briefly. 

Spend ten minutes on your own answering these 
questions.  

What does “simultaneously” mean? 

Show all your work on the sheet.  

Students who sit together often produce similar answers and, when they come to compare their work, they have 
little to discuss.  

For this reason we suggest that, when students do this task individually, you ask them to move to different seats. 
Then, for the collaborative task, allow them to return to their usual places. Experience has shown that this 
produces more profitable discussions. 

Collaborative small-group work: Cash Registers (10 minutes) 
Organize the class into small groups of two or three students and hand out a fresh sheet of paper to each group. 
Students should now have another go at the task, but this time they will combine their ideas. 

I want you now to work together in your groups.  

Your task is to produce an answer together that is better than your individual ones. 

Throughout this activity, encourage students to articulate their reasoning, justify their choices mathematically, 
and question the choices put forward by others. 

As students work you have two tasks, to note student approaches to their work, and to support their thinking.  

Note student approaches to their work 
How do students choose to tackle this task? Notice the variety in approaches. Notice any common errors. You 
can use this information to focus your questioning in the whole-class discussion towards the end of the lesson.  

Support student thinking 
Try not to make suggestions that prompt students towards a particular answer. Instead, ask questions to help 
students clarify their thinking.  

You may find that some students interpret the letters as “quarters” and “dollars” rather than the number of 
quarters and number of dollars. For example, they may say things like: 

“3x = y means three times as many quarters as dollars.” 
“4x + y = 70 means 4 quarters plus dollars equals 70.”  
“There is $70 in the till.” 

The following questions and prompts may be helpful for both students struggling with the task and those making 
quick progress: 

What do the letters x and y represent? 

Replace x and y in this equation by words and now say what the equation means. 

Are there more dollar bills or more quarters in the cash register? How do you know?  

Do you have any values for x and y that work for the first equation? How can you check to see if they 
also work for the second one? If these don't fit, what other values for x and y can you use?  

Why have you chosen these values for x and y? 

Solving Linear Equations in Two Variables Student Materials Beta Version 
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Cash Registers 
The drawer of a cash register contains some quarters and some dollar bills.  

x = the number of quarter coins in the cash register.  
y = the number of dollar bills in the cash register. 

The following two equations are true: 

3x = y 
4x + y = 70 

1. Explain in words the meaning of each equation. 

2. Find two pairs of values for x and y that satisfy the first equation. 

3. Find two pairs of values for x and y that satisfy the second equation. 

 

4.  Find pairs of values for x and y that satisfy both equations simultaneously. 
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Suppose there are 5 quarters in the drawers of the cash register, so x = 5. From the first equation, how 
many dollar bills are there? [15.] From the second equation, how many dollar bills are there? [50.] 
There cannot be both 15 and 50 dollar bills!  

Can you find a value for x that will give the same answer in both cases? 

How can you check that your answer is right? 

Can you use these equations to calculate the amount of money in the cash register? 

If the whole class is struggling on the same issue, you may want to write a couple of questions on the board and 
organize a brief whole-class discussion. You could also ask students who performed well in the assessment to 
help struggling students.  

Collaborative analysis of Sample Student Work (15 minutes) 
When all groups have made a reasonable attempt, ask them to put their work to one side. Give each group copies 
of the Sample Student Work. This task will give students the opportunity to discuss and evaluate possible 
approaches to the task, without providing a complete solution strategy.  

Ideally, all groups will review all four pieces of work. However, if you are running out of time, choose just two 
solutions for all groups to analyze, using what you have learned during the lesson about what students find most 
difficult.  

Encourage students to think more deeply using the following questions. (These are reproduced on the projector 
resource Assessing Sample Student Work.) 

You are the teacher and have to assess this work.  

Correct the work and write comments on the accuracy and organization of each response.  

• What do you like about the work?  

• What method did the student use? Is it clear? Is it accurate? Is it efficient? 

• What errors did the student make? 

• How might the work be improved? 

During this small-group work, support the students as before. Also, check to see which of the explanations 
students find more difficult to understand. Note similarities and differences between the sample approaches and 
those the students used in the group work. 

Plenary whole-class discussion: comparing different approaches (15 minutes) 
Hold a whole-class discussion to consider the different approaches used in the sample work. Focus the 
discussion on those parts of the task that the students found difficult. Ask representatives from each group to 
explain and critique one student's method from the Sample Student Work. During the discussion you may find it 
helpful to use the projector resources, which are slides showing the different sample solutions. 

Which approach did you like best? Why? 

Which approach did you find most difficult to understand? Why? 

Next lesson: Improve individual responses to Notebooks and Pens (10 minutes) 
Have students do this task at the beginning of the next lesson if you do not have time during the lesson itself. 
Some teachers like to set this task for homework.  

Return the students’ individual work on the assessment task Notebooks and Pens along with a second blank copy 
of the task sheet.  

Look at your original responses and think about what you have learned this lesson.  

Using what you have learned, try to improve your work.  
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If you have not written questions on individual pieces of work then write your list of questions on the board. 
Students are to select from this list only the questions appropriate to their own work.  

Solutions 

Assessment task: Notebooks and Pens 
 

  
Dan 

 
Emma 

 

 
Dan is incorrect: Emma is incorrect: 
Dan has misinterpreted n to mean, “notebooks sold” 
rather than “the number of notebooks sold.” 

So he has read the equation “4n = p” as “there are four 
notebooks sold for every single pen sold.” 

The equation actually means, “4 times the number of 
notebooks sold equals the number of pens sold,” or “the 
store sells four times more pens than notebooks.” 

 

Emma has also misinterpreted n to mean “notebooks” 
rather than “the number of notebooks.” 

In the second statement, 5n does not mean, “there are 
5 notebooks.” It means “5 times the number of 
notebooks.” 

Since each notebook costs $5, 5n gives you the 
amount of money taken from selling notebooks, and 
since each pen costs $2, 2p gives you the amount of 
money taken from selling pens. So 5n + 2p = 39 
means that $39 was taken altogether from selling 
notebooks and pens at these prices. However, the 
equation does not, in isolation, tell you how many 
notebooks or pens were sold.  

Using the first equation to substitute 4n for p in the second equation gives n = 3 and p = 12.  

3 notebooks and 12 pens were sold.  

Cash Registers 
1.  The number of dollar bills is three times the number of quarters. 

Four times the number of quarters plus the number of dollar bills totals 70. 

2. Possible values: (4, 12) or (8, 24). 

3. Possible values: (12, 22) or (7, 42). 

4. x = 10, y = 30 
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Comments on Sample Student Work 

 

Ava used “guess and check” with both equations  
Strengths: Her work is systematic and easy to follow. 

Weaknesses: Her method is inefficient and, although it is 
systematic, she has not reflected on each answer to 
determine the next set of values to check.  

Her lack of progress leads to her abandoning the task. 

Ava could add an explanation about her solution method. 

 

Ethan used an elimination method 
Strengths: This method can work if equations are 
manipulated carefully. 

Weaknesses: Ethan makes a mistake when rearranging the 
first equation. Consequently, when the two equations are 
added together, a variable is not eliminated, but instead 
Ethan has created an equation with two variables.  

Ethan briefly used guess and check. This gives many 
solutions. Ethan has simply opted to figure out two solutions. 
Both answers are incorrect. Ethan has not explained his 
working or why he was happy with the second set of values. 

If the first equation had been 3x + y = 0, what would still be 
wrong with Ethan’s method?  

Would this method ever obtain just one solution? 

 

Joe used a substitution method 
Strengths: This is an efficient method. 

Weaknesses: Joe failed to multiply all the terms on the left-
hand side of the equation by three, so he obtained an 
incorrect answer. 

If Joe had substituted 3x for y into the second equation the 
solution would have been very straightforward.  

 

Mia used a graphical approach 
Strengths: This method can work. 

Weaknesses: In this case a graphical approach is not a very 
efficient strategy.  

Mia has made an error in her second table: y = 66 not 56.  

Mia could have used the co-ordinates (20,−10) to help plot 
the second line. There are no labels on either axis. The scale 
of Mia’s graph means that the lines are not plotted 
accurately. 

Was Mia right to abandon (20, −10) as a point to be used to 
plot the second line? 
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Notebooks and Pens 
 

A store sells pens at $2 and notebooks at $5.  

n = number of notebooks sold. 

p = number of pens sold. 

The following equations are true:   

4n = p  

5n + 2p  = 39 

Here is what Dan and Emma think the equations mean: 

  

 

 

  
Dan 

 
Emma 

 

 
Are Dan and Emma correct?  

 

 

If you think Dan is wrong, explain the mistake and explain what you think the equation means. 

 

 

 

If you think Emma is wrong, explain the mistake and explain what you think the equation means.  

 

 

 

Figure out for yourself the number of pens and the number of notebooks sold in the store. 
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Cash Registers 
The drawer of a cash register contains some quarters and some dollar bills.  

x = the number of quarter coins in the cash register.  
y = the number of dollar bills in the cash register. 

The following two equations are true: 

3x = y 
4x + y = 70 

1. Explain in words the meaning of each equation. 

 

 

 

 

 

2. Find two pairs of values for x and y that satisfy the first equation. 

 

 

 

3. Find two pairs of values for x and y that satisfy the second equation. 

 

 

 

4.  Find pairs of values for x and y that satisfy both equations simultaneously. 
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Sample Student Work: Ava 

 

You are the teacher and have to assess this work.  

• What do you like about Ava’s work? 
• What method did she use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Ava make? 
• How might her work be improved? 
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Sample Student Work: Ethan 

 

You are the teacher and have to assess this work.  

• What do you like about Ethan’s work? 
• What method did he use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Ethan make? 
• How might his work be improved? 
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Sample Student Work: Joe 

 

You are the teacher and have to assess this work.  

• What do you like about Joe’s work? 
• What method did Joe use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Joe make? 
• How might the work be improved? 
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Sample Student Work: Mia 

 

You are the teacher and have to assess this work.    

• What do you like about Mia’s work? 
• What method did she use? Is it clear? Is it accurate?  Is it efficient? 
• What errors did Mia make? 
• How might her work be improved? 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 

INVESTIGATION: THE WHEEL SHOP 
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COMMON CORE CURRICULUM EMBEDDED TASK 

 
 
 

 
 

 
 
Level B: 
 

The Wheel Shop sells other kinds of vehicles.   There are bicycles and go-carts in a different room of the 

shop.   Each bicycle has only one seat and each go-cart has only one seat.  There are a total of 21 seats 

and 54 wheels in that room.   

 

 

 

How many bicycles and how many go-carts are in the Wheel Shop? 

 

 

Explain how you figured it out. 

 

 

EXPERT INVESTIGATION 

 

The Wheel Shop 
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COMMON CORE CURRICULUM EMBEDDED TASK 

 

 

 

 

 

 

 

Level C:  
 

Three months later some vehicles have sold and new models have been brought into the Wheel Shop.   

Now, there are a different number of bicycles, tandem bicycles, and tricycles in the shop.  There are a 

total of 135 seats, 118 front handle bars (that steer the bike), and 269 wheels.   

 

 

How many are bicycles, tandem bicycles and tricycles are there in the Wheel Shop? 

 

 

 

 

 

EXPERT INVESTIGATION 

 

The Wheel Shop 
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COMMON CORE CURRICULUM EMBEDDED TASK 

 

 

 

 

 

 

 

 

Level D:  

 
In the back stockroom at the Wheel Shop, the number of seats and horns equaled the number of wheels.  

The number seats and handle bars equaled the number of horns.  Twice the number of wheels is equal to 

three times number of handle bars.  Determine the relationship of horns to seats. 

 

 

 

 

 

EXPERT INVESTIGATION 

 

The Wheel Shop 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 
SUPPORTS FOR ENGLISH 
LANGUAGE LEARNERS 

 

 

 

 

 

 

 

 

 

 

49



HIGH SCHOOL ALGEBRA: THE CYCLE SHOP  
  

Supports for ELLs 
 

Title: The Cycle Shop                                                                Grade: High School (Algebra 1) 

Linguistic Access:  

In these supportive materials, a distinction between the vocabulary and the language functions is 
needed to expand understanding and provide multiple representations of the math content. Both need 
to be clarified to ensure comprehension of the performance tasks. This can be done by introducing the 
most essential vocabulary and language functions before these tasks. The following vocabulary and 
language functions are suggested:   

 

Vocabulary Words/Phrases:  

Tier I (non-academic language): tandem, pedal, steering-handlebar, wheels, shop, fence, post, panels, 
yard, cash register, drawer 

Tier II (general academic language): describe, explain, justify, diagram, quarters 

Tier III (math technical language and concepts that must be carefully developed): algebraic equation, 
simultaneously 

Language Functions: explain, describe, justify, formulate and express, show how you figured it out 
 

Content Access: 

To provide content access to ELLs, it is suggested that they engage in solving system of equations 
graphically to allow the concept to mature before engaging them in solving systems algebraically (i.e., 
substitution and/or elimination methods).  
 
Allow ELLs to make sense of and understand 
that a system of equations that has at least 
one solution is referred as “consistent.” A 
consistent system can be either independent 
or dependent. When a consistent system is 
independent, it has exactly one solution. In 
contrast, a consistent system that is 
dependent has infinitely many solutions. 
Finally, a system of equations that has no 
solution is “inconsistent.” The best way to 
avoid confusing these terms is by developing 
a deep conceptual understanding of what 
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they really mean.  
 
One group activity that can help ELL students deepen their understanding is to provide them with a set 
(12 to 15) of equations. Each equation should be written on a small, rectangular piece of paper and 
placed in an envelope. Give this envelope to a group of ELL students and ask them to sort them into 
three piles (sets): “Always True,” “Sometimes True,” and “Never True.” Then, ask them to write about 
the characteristics of each pile they generated. “What do the equations in one pile have in common?” 
“Is there a pattern?” “Can you explain why?” 
 
In working with ELLs, it is 
recommended that teachers make 
multiple references to graphical 
solutions of systems of equations.  
Have ELLs identify the solutions in a 
set of graphs like the figure provided 
here. Working from the graph, ask 
ELLs to set up and solve the system of 
equations algebraically. Use graphing 
calculators to further show graphic 
solutions and verify their algebraic 
solutions. 
 
 

 

 

 

This instructional material includes a formative-assessment lesson (beginning on page 31). When using 
a formative-assessment lesson, is important that teachers do not deprive ELL students of a “productive 
struggle.” The formative-assessment lesson begins with a “pre-lesson” assessment. The purpose of this 
pre-lesson assessment is not to sort or rank ELL students, but rather to help teachers make inferences 
on how ELLs may have digested the mathematics they have been taught and the robustness of their 
knowledge base. This allows educators to get a window into ELLs’ understanding of the mathematics at 
hand. By looking at students’ work, educators will see patterns of students’ approaches and 
misconceptions, and then use this information (data) for shaping subsequent instructional moves and 
engineering activities that promote productive struggle. This is followed with a “post-lesson” 
assessment, which presents teachers with the opportunity to have their students become experts in the 
selected schema. 

Scaffolds and Resources: 

• Activate prior knowledge of the concepts of a system equation. What makes it a system? What are 
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some prototypes? What are some imperfect prototypes?  

• Include, as much as possible, non-linguistic representations (e.g., illustrations, photos, models, 
real objects, pictures, etc.) to assist ELLs in understanding the context of the problems selected. 

• An excellent resource for mathematics secondary school teachers, especially for teaching the 
language of math and scaffolding math learning, is the book Making Mathematic Accessible to 
English Language Learners by John Carr and et al. 
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HIGH SCHOOL ALGEBRA: THE CYCLE SHOP 
 
 
 
 
Teacher Guide:  Solving Simultaneous Equations 
This series establishes a good understanding of what is meant by solving simultaneous equations. This is 
the process of finding a pair of co-ordinates or a point on the Cartesian plane that satisfies both 
equations. A graphical solution is provided as a visual reference for what it actually means to find a point 
that satisfies two equations simultaneously. However, graphs can be inaccurate and algebraic methods 
are needed as well. Through exploring different examples, one discovers that some simultaneous 
equations don’t have a solution and some have an infinite number of solutions. Once several methods of 
solving simultaneous equations have been worked through, these skills are applied to some contextual 
problems.  http://www.mindset.co.za/learn/node/48322/23/55066 
 
 
 
 

Background Information for Teachers 
 
 
Math Planet:  Methods of Solving Simultaneous Linear Equations (with accompanying videos for 
teacher viewing) 

1. The substitution method for solving linear systems 

A way to solve a linear system algebraically is to use the substitution method. The substitution method functions 
by substituting the one y-value with the other. We're going to explain this by using an example. 

 

We can substitute y in the second equation with the first equation since y = y. 

 

This value of x can then be used to find y by substituting 1 with x e.g. in the first equation 

 
Instructional Supports Using UDL Guidelines 
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The solution of the linear system is (1, 6). 

You can use the substitution method even if both equations of the linear system are in standard form.  Just begin 
by solving one of the equations for one of its variables. 

http://www.mathplanet.com/education/algebra-1/systems-of-linear-equations-and-inequalities/the-substitution-method-for-
solving-linear-systems 

 
 
 
 

2. The elimination method for solving linear systems 
 
Another way of solving a linear system is to use the elimination method. In the elimination method you either add 
or subtract the equations to get an equation in one variable. 
When the coefficients of one variable are opposites you add the equations to eliminate a variable and when the 
coefficients of one variable are equal you subtract the equations to eliminate a variable. 
Example: 
 

 
 

We can eliminate the x-variable by addition of the two equations. 
 

 
 

The value of y can now be substituted into either of the original equations to find the value of x 
 

 
 

The solution of the linear system is (0, 2). 
To avoid errors make sure that all like terms and equal signs are in the same columns before beginning the 
elimination.  
 
http://www.mathplanet.com/education/algebra-1/systems-of-linear-equations-and-inequalities/the-elimination 
method-for-solving-linear-systems 
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3. Graphing linear systems 

A system of linear equation comprises two or more linear equations. The solution of a linear system is the ordered 
pair that is a solution to all equations in the system. 

One way of solving a linear system is by graphing. The solution to the system will then be in the point in which the 
two equations intersect. 

Example: 

Solve the following system of linear equations 

 

 

 

 

The two lines appear to intersect in (2, 8) 

http://www.mathplanet.com/education/algebra-1/systems-of-linear-equations-and-inequalities/graphing-linear-
system 
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Guideline 1:  Offer alternatives for perception 

 
 Checkpoint 1.3 – Offer alternatives for visual information 

 
• Provide access to text-to-speech technology 

 
Digital text 
Convert any scanned reading material into digital text with a scanner that has optical 
character recognition. This allows it to be read aloud by text to speech software and also 
customized to meet visual needs (enlarged font, shaded background, etc.).  
 
Text-to-speech (TTS) software with electronic references 
Providing a read aloud through TTS supports learners' comprehension and vocabulary. 
Many students with dyslexia have better listening than reading comprehension. TTS 
programs, especially those with highlighting as the text is read provides a model of fluent 
reading, supports vocabulary development, and frees attention for annotation and active 
comprehension. 

 
Annotations and study skill features 
 Literacy software with text-to-speech and study skill features can assist learners to be 
active readers. Teach readers how to annotate with virtual post-it notes, bookmarking, 
highlighting, and color coding. 

 
              Algebra Help  
              Online tool that helps students solve math problems. Can be read aloud by screen  
              readers. 
              http://www.algebrahelp.com/calculators  
 
Guideline 2:  Provide options for language and symbols 
 
 Checkpoint 2.1 – Clarify vocabulary and symbols  

 
• Pre-teach vocabulary and symbols by connection with learners’ experience and prior 

knowledge: equation; linear; linear equation; linear expression; simultaneous; simultaneous 
equation; substitution method; elimination method; equality; inequality; variable; 
coefficients; approximate; formulate; algebraic expressions; mathematical practices; cash 
register; bicycle; tricycle; tandem; and tandem bike 

 
Principle I:  Provide Multiple Means of Representation 

 
The “what” of learning.  How does the task present information and content in different ways?  
How do students gather facts and categorize what they see, hear, and read?  How are they 
identifying letters, words, or an author’s style?  
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• Use vocabulary checklist to document new or unfamiliar words and phrases and engage 

students in interactive discussions: 
 

Word / Phrase What I think it means Dictionary Definition 
linear   

equation   

equality   

inequality   

variable   

approximate   

formulate   

simultaneous   

eliminations   
 
 

• Study Guides and Strategies 
         Students can review, test, and check their understanding of the various operations used in    
         linear equation problems 
         http://www.studygs.net/mathproblems3.htm 
 

• Study Guides and Strategies 
                      Working with word problems, students practice identifying variables and operations  
                      correctly.  Solutions are provided. 

        http://www.studygs.net/mathproblems1.htm 
                       http://www.studygs.net/mathproblems2.htm 
 

• Match the choices by connecting the words to the best sentences. 
                      http://www.spellingcity.com/algebra.html 

 
• The Language of Mathematics 

        http://www.mathsisfun.com/mathematics-language.html 
 

• A Math Dictionary for Kids ~ Great interactive math examples. 
http://www.teachers.ash.org.au/jeather/maths/dictionary.html  

 
• Translating Word Problems ~ Keywords to help with word problem translation. 

http://www.purplemath.com/modules/translat.htm  
 

• Symbols in Algebra 
        http://www.mathsisfun.com/algebra/symbols.html 
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• Video: Translating Words into Symbols 
Translating words into symbols is equivalent to modeling a situation using an equation and 
variables. Similarly, algebraic equations and inequalities can represent the quantitative 
relationship between two or more objects. 

                      http://www.learner.org/vod/vod_window.html?pid=2096 
 
 

• Provide definitions with accompanying audio pronunciation and examples 
 

 
Linear Equation (LIN•e•ar  e•QUA•tion) 

 

Definition: an algebraic equation in which the variable quantity or 
quantities are in the first power only and the graph is a straight 
line  

 

Example: 20 = 2(w + 4) + 2w and y = 3x + 4 

                                 http://www.algebralab.org/Glossary/glossaryterm.aspx?word=Linear Equation 
 
   
 
 

 

Algebraic Equation (al•ge•BRA•ic  e•QUA•tion) 

 

Definition: a mathematical sentence in which two expressions are 
connected by an equality symbol. 

 

Example: 4x + 2 = 10 

                                    http://www.algebralab.org/Glossary/glossaryterm.aspx?word=Algebraic Equation 
 
 
 
 

• Provide a firm grounding in high school algebra terminology 
A high school student in the ninth grade confronts equations and symbols manipulated with 
arithmetic operations, while a 12th grade student advances to the analysis and use of 
functions. Understanding the relations of numbers and symbols, the algebra operations    
performed with them, and their expression in graphs provides grounding for using algebra in 
science. 
http://www.spellingcity.com/algebra.html 
 
 
 
 
 
 
 

59

http://www.learner.org/vod/vod_window.html?pid=2096
http://www.spellingcity.com/algebra.html
mms://www.algebralab.org/algebralab/audio/glossary/Math_LinearEquation_p.mp3
mms://www.algebralab.org/algebralab/audio/glossary/Math_LinearEquation_d.mp3
mms://www.algebralab.org/algebralab/audio/glossary/Math_LinearEquation_e.mp3
mms://www.algebralab.org/algebralab/audio/glossary/Math_AlgebraicEquation_p.mp3
mms://www.algebralab.org/algebralab/audio/glossary/Math_AlgebraicEquation_d.mp3
mms://www.algebralab.org/algebralab/audio/glossary/Math_AlgebraicEquation_e.mp3


Division of Students with Disabilities and English Language Learners  Page 7 
 

 
 Checkpoint 2.4– Promote understanding across languages 

 
• Make all key information in the dominant language available in first languages for English 

Language Learners by linking key vocabulary words to definitions and pronunciations in both 
dominant and native languages. 

 
 Dictionary.com (with LOTE translations) 

           http://dictionary.reference.com/  
 

 The Free Dictionary (with LOTE translations) 
            http://www.thefreedictionary.com/ 
 
 
 
 
Guideline 3:  Provide options for comprehension  
 
 Checkpoint 3.1 – Activate or supply background information 

 
• Pre-teach critical prerequisite concepts through demonstration or models to explore: 

 
 how to formulate and solve problems using algebra 
 how to reason abstractly and quantitatively 
 how to discern differences between algebraic and numerical expressions: 
 

1. An algebraic expression is a mathematical expression that consists of variables, 
numbers and operations. The value of this expression can change. 
 

2. A numerical expression represents a single value. It consists of one or more 
numbers and operations. 
 

• Make conjectures:  Rather than jumping in to solve a problem using memorized equations, 
students use inductive reasoning to estimate or guess answers and then use their 
understanding of math to test their conjectures.  

 
• Verbalize concepts: Verbalizing math concepts—orally or in writing—helps clarify and 

solidify their meaning as students explain patterns, concepts, tables, graphs, drawings, and 
diagrams.  

 
• Interactivate: Solving Equations 

The following discussions and activities are designed to help students understand the 
concepts behind and methods of solving equations. This lesson is best implemented with 
students working in groups of 2-4.  
http://www.shodor.org/interactivate/lessons/SolvingEquations/ 
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Checkpoint 3.3 – Guide information procession, visualization, and manipulation 
 
 Introduce graduated scaffolds that support information processing strategies 

 
• Lessons: Math in Videogames - Standards | Get The Math 

          Reasoning with Equations and Inequalities:  Understand solving equations as a process   
of reasoning and explain the reasoning.  Using video segments and web interactives from 
Get the Math, students engage in an exploration of mathematics, specifically proportional 
reasoning and sense making, to solve real world problems. In this lesson, students focus on 
understanding the Big Ideas of Algebra: patterns, relationships, equivalence, and linearity; 
learn to use a variety of representations, including modeling with variables; build 
connections between numeric and algebraic expressions; and use what they have learned 
previously about numbers and operations, measurement, proportionality, and discrete 
mathematics as applications of algebra.  Methodology includes guided instruction, student-
partner investigations, and communication of problem-solving strategies and solutions. 
http://www.thirteen.org/get-the-math/teachers/math-in-videogames-lesson- plan/overview/75/ 

 
• QuickMath will automatically answer the most common problems in algebra, equations 

and calculus faced by high-school and college students.  
 

 The equations section lets you solve an equation or system of equations. You can 
usually find the exact answer or, if necessary, a numerical answer to almost any 
accuracy you require. 
 

 The inequalities section lets you solve an inequality or a system of inequalities for a 
single variable. You can also plot inequalities in two variables. 
 

 The graphs section contains commands for plotting equations and inequalities. 
               http://www.quickmath.com/ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

61

http://www.google.com/url?sa=t&rct=j&q=reasoning%20with%20equations%20and%20inequalities&source=web&cd=8&sqi=2&ved=0CEsQFjAH&url=http%3A%2F%2Fwww.thirteen.org%2Fget-the-math%2Fteachers%2Fmath-in-videogames-lesson-plan%2Fend-of-course-questions-and-standards%2F91%2F&ei=UVLeTvqbC-j50gGS47DOBw&usg=AFQjCNFAPNKnDXYg0jp2qfgMfD5tcpOptA
http://www.thirteen.org/get-the-math/teachers/math-in-videogames-lesson-%20plan/overview/75/
http://www.quickmath.com/pages/modules/equations/index.php
http://www.quickmath.com/pages/modules/inequalities/index.php
http://www.quickmath.com/
http://www.quickmath.com/


Division of Students with Disabilities and English Language Learners  Page 9 
 

 
 
 
 
 
 
 
 
 
Guideline 4: Provide options for physical action 
 
 Checkpoint 4.1 – Vary the methods for response and navigation 
 

• Use concrete objects or pictures to conceptualize and solve problems. This promotes 
visual thinking and helps students "see" the sense of the math concept.  
 
 Algebra Tiles 

Using tiles to represent variables and constants, learn how to represent and solve 
algebra problems. Solve equations, substitute in variable expressions, and expand 
and factor. Flip tiles, remove zero pairs, copy and arrange, and make your way 
toward a better understanding of algebra 
http://illuminations.nctm.org/ActivityDetail.aspx?ID=216 

 
 Online Graph Paper 

http://illuminations.nctm.org/ActivityDetail.aspx?ID=205 
 

• Use technology. Online rulers, protractors, calculators, spreadsheets, statistical packages, 
and dynamic geometry software help students dig deeper into math concepts 

 
• Use simulation.   

http://www.ehow.com/how_7999527_use-simultaneous-equation-secondary-school.html 

 
Guideline 5: Provide options for expression and communication 
 
 Checkpoint 5.2 – Use multiple tools for construction and composition 

 
• Provide virtual or concrete mathematics manipulatives 

 
1. PowerPoint presentation by high school math teacher  that  highlights how to engage 

Algebra learners with manipulatives 
  http://www.trianglehighfive.org/pdf/004_dont_hate_manipulate.pdf 
 

2. Solving linear equations (whole numbers) 
  http://nlvm.usu.edu/en/nav/frames_asid_201_g_4_t_2.html 
 
 

 
Principle II:  Provide Multiple Means of Action and Expression. 

 
The “how” of learning.  How does the task differentiate the ways that students can express 
what they know? How do they plan and perform tasks? How do students organize and express 
their ideas. 
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3. Solving linear equations (integers) 
  http://nlvm.usu.edu/en/nav/frames_asid_324_g_4_t_2.html 
 

4. GraphTablet (Win) 
  Free program for creating custom graph paper  
   http://www.graphtablet.com/graphtablet.html  
 

5. Algebra Tiles  
  Model and solve equations      
  http://go.hrw.com/hrw.nd/gohrw_rls1/pKeywordResults?keyword=Mb1+Tools  
 

6. Online Graph Paper  
  Free online PDFs of various graph papers.  Includes an online generator so you can  
  create customized graph paper and print it out 
   http://incompetech.com/graphpaper/  
 

• Writing and Graphing Linear Equations 
         http://207.10.202.168/GED_TC/download/Building%20and%20Graphing%20an%20Equation.pdf 
 

• Interactive Math:  Simultaneous Linear Equations. 
         http://www.intmath.com/systems-of-equations/1-simultaneous-linear-equations.php 
 

• Interactive Math:  Graphical Solutions of Linear Equations 
http://www.intmath.com/systems-of-equations/3-graphical-solution-linear-systems.php 

 
• Printable Graph Paper 

Click and print graph paper onto cardstock 
        http://mason.gmu.edu/~mmankus/Handson/grid.htm 
 

• Online Graphing Calculator 
         http://webgraphing.com/multiple_plotting_basic.jsp 
 

• GoMath  
Online tool that helps students solve math problems.  Includes algebra and geometry 
calculators.  
http://www.gomath.com/  
 

• Algebra Solver  
Interactive, algebraic problem solver and graphing tool 
http://www.algebrasolver.com/index.shtml  
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How to Solve a Simultaneous Set of Linear Equations 

Systems of linear equations are sometimes called simultaneous linear equations. Before 
attempting to solve a set of equations, make sure the number of variables--x, y, z--matches the 
number of equations in the set. For two linear equations, two variables--x and y--are present. 
Linear equations can be solved through substitution or elimination methods. 

1 
Decide whether the equations are more easily solved through substitution or 
elimination methods. Both approaches work; this decision is purely a matter of 
preference. In this example, elimination will be used. 

2 
Find a common multiple for the coefficient--numbers in front of--a variable. Say the 
equations are 3x - 7y = 8 (equation 1) and 4x + 5y = 11 (equation 2). The x-coefficients 
are 3 and 4; the y-coefficients are -7 and 5. 

3 
Pick which variable to eliminate and cross-multiply the equations by the coefficients 
for that variable. In the example given, 3x - 7y = 8 and 4x + 5y = 11, assume we decide 
to eliminate the y-variable. 

4 

Multiply equation 1 by the equation 2 y-coefficient--5--to get: 3(5)x - 7(5)y = 8(5). 
Simplify to get 15x - 35y = 40. Repeat the process with equation 2. This time, multiply 
the original equation 2 by -7 to get 4(-7)x + 5(-7)y = 11(-7). Equation 2 simplifies to -
28x - 35y = -77. Note that the y-coefficients for both equations are now -35. Multiply 
one of the equations--it does not matter which one--by "-1." This is to transform one 
of the "-35" coefficients to a positive 35 for easy cancellation. Using the modified 
equation 1, the multiplication gives 15(-1)x - 35(-1)y = 40(-1), or -15x + 35y = -40. The 
equations are ready for elimination. 

5 

Add coefficients for matching variables. For x, add -15 and -28. -15 + -28 = -43. For y, 
35 + -35 = 0. The numeric constants add to -40 + -77 = -117. The added equation is, 
therefore, -43x + 0y = -117. Since 0y = 0, the y-variable is eliminated in the addition. 
The equation summation simplifies to -43x = -117. 

6 

Divide by the x-coefficient to find x-value. The result is x = -117/-43 = 2.721. Substitute 
the x-value into either of the original equations. Using equation 2, 4x + 5y = 11 
becomes 4(2.721) + 5y = 11. Subtract the "4(2.721)" term from both sides to get 5y = 
11 - 4(2.721), which is 5y = 11 - 10.884, 5y = 0.1163. By same process as finding the x-
value, the y-value is y = 0.1163/5 = 0.02325. 

7 

Check that solutions fit the other original equation. In this case, equation 1 needs to 
be checked. 3x - 7y = 8, 3(2.721) - 7(0.02325) = 8.163 - 0.1625 = 8.00025. Very small 
discrepancies, like that between 8 and 8.00025 are due to round-off error. Since 
8.00025 is very close to the ideal value of 8, we can be confident that answers of x = 
2.721 and y = 0.02325 are correct. 

         http://www.ehow.com/how_7405756_solve-set-two-linear-equations.html 
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Guideline 7:  Provide options for recruiting interest 
 
 Checkpoint 7.2 – Optimize relevance, value, and authenticity  

 
Design activities so that the learning outcomes are authentic, communicate to real audiences, 
and reflect a purpose that is clear to the participants such as: 
 
• Practice Writing a Linear Equation: Real World Situations (with solutions) 
         http://www.algebralab.org/practice/practice.aspx?file=Algebra_Gulliksen2.xml 

   
 
 
 
 
Guideline 9: Provide options for self-regulation 

 
 Checkpoint 9.3: Develop self assessment and reflection.  

 
Use activities that include means by which learners get feedback and have access to 
alternative scaffolds (e.g., charts, templates, feedback displays) that support understanding 
progress in a manner that is understandable and timely. 

 
• Practice Solving Systems of Linear Equations (with solutions) 
        http://www.algebralab.org/lessons/lesson.aspx?file=Algebra_LinearEqSystems.xml 
 
• Solving Linear Equations (Review, Practice, and Self-Assess) 

This section illustrates the process of solving linear equations. It also shows students how to 
check their answers algebraically and graphically.  In addition, students can not only review 
more examples, but also test themselves by working similar problems.  
http://www.sosmath.com/algebra/solve/solve0/solve0.html 

 
• Math Tutor Video Tutorials 

        Watch and listen to a tutor working through important topics 
                      http://www.mathcentre.ac.uk/types/#h32 
 

 
Principle III:  Provide Multiple Means of Engagement 

 
The “why” of learning. How does the task stimulate interest and motivation for learning?  
How do students get engaged and how are they challenged, excited or interested?  
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• Teach Yourself Booklets 
                    Written to accompany the Math Tutor videos, these provide in-depth treatment of     
                      important topics, with theory, worked examples and exercises 
                      http://www.mathcentre.ac.uk/types/#h4 
 

• Solve a Simultaneous Set of Two Linear Equations 
        This page will show you how to solve two equations with two unknowns using the    
                      substitution method.  Students are guided to plug in the equations and variables to solve. 
                      Solution to the problem, and necessary steps involved to solve the problem,  are provided.  
                    http://www.webmath.com/solver2.html 

  
• Video: Simultaneous Linear Equations Solved by Elimination 

                      http://www.waldomaths.com/video/SimEq01a/SimEq01a.jsp 
 

• Mindset Learn:  Home of the Brain 
                      A series of lessons on simultaneous equations. The content includes how to solve     
                      simultaneous linear equations by three distinct methods and also includes the solving of  
                      word problems.  
                      http://www.mindset.co.za/learn/s23/t15578/t55066 
 

• Teachers Choice:  Mathematics “How To” Library 
                      This website explores how to solve simultaneous linear equations using the elimination   
                      method 
                      http://www.teacherschoice.com.au/maths_library/algebra/alg_10.htm 
 

• Math Teacher 
                      This website explores how to solve simultaneous linear equations using substitution,     
                      elimination, and graphical methods. 
                      http://www.mathsteacher.com.au/year9/ch05_simult/01_sub/method.htm 
  

• Oswego City School District Regents Exam Prep Center    
                      Students can practice solving linear systems algebraically using either the substitution or       
                      addition/subtraction method.  Solutions by addition and subtraction and solutions by  
                      substitution are provided.  
                      http://regentsprep.org/Regents/math/ALGEBRA/AE3/PracAlg.htm 
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