
 

 

     

GRADE 6 MATH: RATIOS AND PROPORTIONAL 

RELATIONSHIPS 
UNIT OVERVIEW 

This 4-5 week unit focuses on developing an understanding of ratio concepts and using ratio reasoning to 
solve problems.   

TASK DETAILS 

Task Name: Ratios and Proportional Relationship 

Grade: 6 

Subject: Mathematics 

Depth of Knowledge: 2 

Task Description:  This sequence of tasks asks students to demonstrate and effectively communicate 
their mathematical understanding of ratios and proportional relationships. Their strategies and 
executions should meet the content, thinking processes and qualitative demands of the tasks.  

Standards:  
6RP.1 Understand the concept of ratio and use ratio language to describe a ratio relationship between 
two quantities. 
6RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b≠0, and use rate 
language in the context of a ratio relationship. 
6RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, i.e., by reasoning 
about tables of equivalent ratios, tape diagrams, double number line diagrams, or equations. 
6.RP.3a Make tables of equivalent ratios relating quantities with whole-number measurements, find missing 
values in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare ratios. 
6.RP.3b Solve unit rate problems including those involving unit pricing and constant speed. 
6.RP.3c Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the 
quantity); solve problems involving finding the whole, given a part and the percent. 
6.RP.3d Use ratio reasoning to convert measurement units; manipulate and transform units appropriately 
when multiplying or dividing quantities. 
 

Standards for Mathematical Practice: 
MP.1 Make sense of problems and persevere in solving them.  
MP.2 Reason abstractly and quantitatively. 
MP.3 Construct viable arguments and critique the reasoning of others.  
MP.6 Attend to precision. 
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NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh  

 
 

 
Performance Based Assessment 1 
Proportional Reasoning – Grade 6 

Student 
Name  

School  

Date  

Teacher  
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2011 NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh  

 
1. Giovanni is visiting his grandmother who lives in an apartment building on the 25th floor.  Giovanni 

enters the elevator in the lobby, which is the first floor in the building.  The elevator stops on the 16th 
floor.  What percentage of 25 floors does Giovanni have left to reach his grandmother's floor?  Use 
pictures, tables or number sentences to solve the task.  Explain your reasoning in words. 
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2011 NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh  

 
2. Pianos and pipe organs contain keyboards, a portion of which is shown below. 

 

 
 

a) What is the ratio of black keys to white keys in the picture above? 

 
b) If the pattern shown continues, how many black keys appear on a portable keyboard with 35 

white keys? 

c) If the pattern shown continues, how many black keys appear on a pipe organ with a total of 240 
keys? 
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2011 NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh  

 

3. a. Mr. Copper’s class has a female student to male student ratio of 3:2.  Mr. Copper’s class has 18 
girls, how many boys does he have?  Show how you determined your answer.  Explain your 
reasoning in words. 

 

b) Ms. Green’s class has the same number of students as Mr. Copper’s class.  Her female-to-male 
ratio is 2:1.  Which class has the greater number of females?  How do you know?   
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2011 NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh   

 
4. Use the recipe shown in the table to answer the questions below.  Use pictures, tables or number 

sentences to solve the task.   

 

 

 

 

 

 
 

 
 
 
 

a) How many cups of sugar are needed for each egg?  How do you know? 

b) Your sister notices that she needs three times as much baking powder as salt in this recipe.  
What is the ratio of baking powder to salt?  Explain your reasoning in words.

Grandma’s Recipe for Sugar Cookies 

1 ½ cups butter 

2 cups sugar 

4 eggs 

¾  teaspoon baking powder 

1 ¼ cups flour 

¼  teaspoon salt 
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2011 NYC Grade 6 Assessment 1 
 

 2011 University of Pittsburgh  

 
 

5. Fashion designers are trying to decide on just the right shade of blue for a new line of jeans.  
They have several bottles of fabric color, some with blue color and some with white color.  They 
plan to mix these together to get the desired color.  

 

 Mix A =     {              }  

 Mix B =  {                  }  

a) Will both mixes produce the same color jeans?  Use mathematical reasoning to justify your 
answer. 

b) A designer uses the table below to think about her own special mix, Mix C.  How many liters of 
blue color will she need to make a total of 40 liters?  Explain your reasoning in words. 

 Liters of 
Blue Color 

Liters of 
White Color 

Total  
Liters 

  5 3   8 
10 6 16 
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Math, Grade 6 – Ratios  
Universal Design for Learning 

 

 

The goal of using Common Core Learning Standards (CCLS) is to provide the highest academic 

standards to all of our students. Universal Design for Learning (UDL) is a set of principles that 

provides teachers with a structure to develop their instruction to meet the needs of a diversity of 

learners. UDL is a research-based framework that suggests each student learns in a unique manner. 

A one-size-fits-all approach is not effective to meet the diverse range of learners in our schools. By 

creating options for how instruction is presented, how students express their ideas, and how 

teachers can engage students in their learning, instruction can be customized and adjusted to meet 

individual student needs. In this manner, we can support our students to succeed in the CCLS.  

Below are some ideas of how this Common Core Task is aligned with the three principles of UDL; 

providing options in representation, action/expression, and engagement. As UDL calls for multiple 

options, the possible list is endless. Please use this as a starting point. Think about your own group 

of students and assess whether these are options you can use.  

 
REPRESENTATION: The “what” of learning.  How does the task present information and content in 
different ways? How students gather facts and categorize what they see, hear, and read. How are 
they identifying letters, words, or an author's style?  

 
 In this task, teachers can…       

 Pre-teach vocabulary and symbols, especially in ways that promote connection to 
the learners’ experience and prior knowledge as applied to the understanding of 
concepts across the tasks by using common experiences, such as sports, hobbies, and 
interests) that can be annotated and calculated in numeric values. 

 
ACTION/EXPRESSION: The “how” of learning. How does the task differentiate the ways that 
students can express what they know? How do they plan and perform tasks? How do students 
organize and express their ideas?  

 
In this task, teachers can…  

 Compose in multiple media such as text, speech, drawing, illustration, design, 
film, music, dance/movement, visual art, sculpture or video by allowing students 
choice and multiple forms with which to express solutions and mathematical thinking.  
 

 
ENGAGEMENT: The “why” of learning. How does the task stimulate interest and motivation for 
learning? How do students get engaged? How are they challenged, excited, or interested?   

 
In this task, teachers can…  

 Design activities so that learning outcomes are authentic, communicate to real 
audiences, and reflect a purpose that is clear to the participants by looking at 
statistics that reflect areas of interests and common situations. 

 
 
 
Visit http://schools.nyc.gov/Academics/CommonCoreLibrary/default.htm to learn more information about UDL. 
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GRADE 6 MATH: RATIOS AND PROPORTIONAL 

RELATIONSHIPS 

BENCHMARK PAPERS WITH RUBRICS 
This section contains benchmark papers that include student work samples for each of the tasks in the Ratios 
and Proportional Relationships assessment. Each paper has descriptions of the traits and reasoning for the 
given score point, including references to the Mathematical Practices.  
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NYC Grade 6 Assessment 1 
Elevator Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh   

 
1. Giovanni is visiting his grandmother who lives in an apartment building on the 25th floor.  Giovanni enters the 

elevator in the lobby, which is the first floor in the building.  The elevator stops on the 16th floor.  What 
percentage of 25 floors does Giovanni have left to reach his grandmother's floor?  Use pictures, tables or 
number sentences to solve the task.  Explain your reasoning in words. 
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NYC Grade 6 Assessment 1 
Elevator Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh  

3 Points 
The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   
Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratio 
and percent.  Minor arithmetic errors may be present, but no errors of reasoning appear.  Complete explanations 
are stated, based on work shown. 
Accurate reasoning processes demonstrate the Mathematical Practices, (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with part-
whole, ratio and percent).  Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the 
reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem as a ratio and/or decimal and 
percent.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation 
and proper labeling of quantities.   
The reasoning used to solve the parts of the problem may include: 
a. Understanding that the whole is 25 and either 16 or (25 – 16) floors is a part of the whole involved.  Some 

students may consider a “missing 13th floor”.  In that case, the whole is 24 and either 15 or (24 – 15) is a part 
of the whole involved.   

b. Recognition of the need to determine how many “out of 100”. 
i. Using a fraction and its conversion to an equivalent fraction, possibly by simplifying first. 
ii. Converting to decimal then to percent. 
iii. Creating and reasoning from a grid representation of the context 

c. Recognition of the need either to work with 9/25 (or 9/24) or to subtract from 100% after changing 16/25 (or 
15/24) to percent. 
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NYC Grade 6 Assessment 1 
Elevator Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh  

2 Points 

The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   

Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratio 
and percent.  Reasoning may contain incomplete, ambiguous or misrepresentative ideas.  Partial explanations 
are stated based on work shown. 

Accurate reasoning processes demonstrate the Mathematical Practices, (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with part-
whole, ratio and percent).  Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the 
reasoning of others, is demonstrated by complete and accurate explanations. Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem as a ratio and/or decimal and 
percent.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation 
and proper labeling of quantities. 

The reasoning used to solve the parts of the problem may include: 

a. Understanding that the whole is 25 (or 24) and either 16 (or 15) floors is a part of the whole but failing to 
recognize the need to use 9/25 (or 9/24) or to subtract from 100% after changing 16/25 (or 15/24) to percent. 

b. Recognition of the need to work with 9/25 (or 9/24), but failing to change the ratio into a percent. 
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NYC Grade 6 Assessment 1 
Elevator Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh  

1 Point 

The response demonstrates some evidence of mathematical knowledge that is appropriate to the intent of the 
prompted purpose.  An effort was made to accomplish the task, but with little success.  Evidence in the response 
demonstrates that, with instruction, the student can revise the work to accomplish the task. 

Some evidence of reasoning is demonstrated either verbally or symbolically, but may be based on misleading 
assumptions, and/or contain errors in execution.  Some work is used to find ratio and percent or partial answers 
are evident.  Explanations are incorrect, incomplete or not based on work shown.  Accurate reasoning processes 
demonstrate the Mathematical Practices, (1) Make sense of problems and persevere in solving them, and (2) 
Reason abstractly and quantitatively (since students need to abstract information from the problem, create a 
mathematical representation of the problem, and correctly work with part-whole, ratio and percent).  Evidence of 
the Mathematical Practice, (3) Construct viable arguments and critique the reasoning of others, is demonstrated 
by complete and accurate explanations. Evidence of the Mathematical Practice, (4) Model with mathematics, is 
demonstrated by representing the problem as a ratio and/or decimal and percent.  Evidence of the Mathematical 
Practice, (6) Attend to precision, can include proper use of ratio notation and proper labeling of quantities. 

The reasoning used to solve the parts of the problem may include: 
a. Forming the ratio 16/25 (or 15/24), and trying but failing to change the ratio into a percent.  
b. Forming the ratio 9/16 (or 9/24) and changing that ratio to a percent. 
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NYC Grade 6 Assessment 1 
Piano Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh 

2. Pianos and pipe organs contain keyboards, a portion of which is shown below. 

 

 
 

a) What is the ratio of black keys to white keys in the picture above? 

b) If the pattern shown continues, how many black keys appear on a portable keyboard with 35 white keys?  

c) If the pattern shown continues, how many black keys appear on a pipe organ with a total of 240 keys? 
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NYC Grade 6 Assessment 1 
Piano Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh 

3 Points 
The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   

Either verbally or symbolically, the strategy used to solve each part of the problem is stated, as is the work used 
to find ratios, proportions, and partial answers to problems.  Minor arithmetic errors may be present, but no errors 
of reasoning appear.  

Accurate reasoning processes demonstrate the Mathematical Practice, (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (4) Model with mathematics, is 
demonstrated by representing the problem with tables and/or ratios.  Evidence of the Mathematical Practice, (6) 
Attend to precision, can include proper use of ratio notation, proper symbolism and proper labeling of quantities.  
Repeated use of the same structure to solve parts b and c can be seen as evidence of the Mathematical Practice, 
(8) Look for and express regularity in repeated reasoning.   

The reasoning used to solve the parts of the problem may include: 

a. Scaling up the 5:7 ratio in fraction form to a denominator of 35, signifying 35 white 
keys. 

b. Scaling up the 5:7 ratio in tabular form. 

c. Using a proportion or proportional reasoning (e.g., 35 white keys is 5 times 7 white keys, so I can multiply 5 
by 5 black keys to find the number of black keys). 

d. Recognizing the part-to-whole nature of part c as 5:12 and employing any of the above techniques.  

 

 5 10 15 20 25 
 7 14 21 28 35 
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NYC Grade 6 Assessment 1 
Piano Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh 

2 Points 

The response demonstrates adequate evidence of the learning and strategic tools necessary to complete the 
prompted purpose.  It may contain overlooked issues, misleading assumptions, and/or errors in execution.  
Evidence in the response demonstrates that the student can revise the work to accomplish the task with the help 
of written feedback or dialogue. 

Either verbally or symbolically, the strategy used to solve each part of the problem is stated, as is the work used 
to find ratios, proportions, and partial answers to problems.  Minor arithmetic errors may be present.  Reasoning 
may contain incomplete, ambiguous or misrepresentative ideas.  Accurate reasoning processes demonstrate the 
Mathematical Practice, (1) Make sense of problems and persevere in solving them, and (2) Reason abstractly and 
quantitatively (since students need to abstract information from the problem, create a mathematical 
representation of the problem, and correctly work with both part-part and part-whole situations).  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem with tables 
and/or ratios.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio 
notation, proper symbolism and proper labeling of quantities.  Repeated use of the same structure to solve parts b 
and c can be seen as evidence of the Mathematical Practice, (8) Look for and express regularity in repeated 
reasoning.   

The reasoning used to solve the parts of the problem may include: 
a. Scaling up the 5:7 ratio in fraction form to some denominator, but failing to stop at 

35, signifying 35 white keys. 

b. Scaling up the 5:7 ratio in tabular form, but failing to stop at 35. 

c. Reversing white and black keys, but maintaining the scaling to 35 white keys as indicated by labels. 

d. Using a proportion or proportional reasoning (e.g., 35 white keys is 5 times 7 white keys), but failing to then 
multiply 5 by 5 black keys to find the total number of black keys. 

e. Recognizing the part-to-whole nature of part c as 5:12 and employing any of the above techniques or errors. 

  

 5 10 15 20 25 
 7 14 21 28 35 
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NYC Grade 6 Assessment 1 
Piano Task 

Benchmark Papers 
 

© 2011 University of Pittsburgh  

1 Point 
The response demonstrates some evidence of mathematical knowledge that is appropriate to the intent of the 
prompted purpose.  An effort was made to accomplish the task, but with little success.  Evidence in the response 
demonstrates that, with instruction, the student can revise the work to accomplish the task. 

Some evidence of reasoning is demonstrated either verbally or symbolically, is often based on misleading 
assumptions, and/or contains errors in execution.  Some work is used to find ratios or proportions or partial 
answers to portions of the task are evident.  Accurate reasoning processes demonstrate the Mathematical 
Practice, (1) Make sense of problems and persevere in solving them, and (2) Reason abstractly and quantitatively 
(since students need to abstract information from the problem, create a mathematical representation of the 
problem, and correctly work with both part-part and part-whole situations).  Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem with tables and/or ratios.  
Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation, proper 
symbolism and proper labeling of quantities.  Repeated use of the same structure to solve parts b and c can be 
seen as evidence of the Mathematical Practice, (8) Look for and express regularity in repeated reasoning.   

The reasoning used to solve the parts of the problem may include: 

a. Identification of the 5:7 ratio in some form (including tabular).   

b. Some attempt to scale, but failure to maintain the ratio, typically by reverting to addition. 

c. Failure to attempt at least two parts of the problem. 
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NYC Grade 6 Assessment 1 
Boys and Girls Task 
Benchmark Papers 

 

© 2011 University of Pittsburgh  

3. 
a) Mr. Copper’s class has a female student-to-male student ratio of 3:2.  If Mr. Copper’s class has 18 girls, 

how many boys does he have?  Show or explain in writing how you determined your answer. 
 

b) Ms. Green’s class has the same number of students as Mr. Copper’s class.  Her female-to-male ratio is 
2:1.  Which class has the greater number of females?  How do you know?   
 
  

21



NYC Grade 6 Assessment 1 
Boys and Girls Task 
Benchmark Papers 

 

© 2011 University of Pittsburgh  

3 Points 

The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   

Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratio 
and scaling.  Minor arithmetic errors may be present, but no errors of reasoning appear.  Complete explanations 
are stated, based on work shown.    

Accurate reasoning processes demonstrate the Mathematical Practice (1) Make sense of problems and 
persevere in solving them and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (3) Construct viable arguments and 
critique the reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem with a table 
and/or ratios.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio 
and/or proportion notation, proper symbolism and proper labeling of quantities.   

The reasoning used to solve the parts of the problem may include: 

a. Scaling up the 3:2 ratio in fraction form to a numerator of 18, signifying 18 
girls.  Recognizing 18 + 12 as the whole, and 2:1 as the ratio of girls-to-
whole in the other class, and following another scaling-up process. 

b. Scaling up the 3:2 ratio in tabular form; scaling up the 2:1 ratio in a similar fashion, to a total of 30 students. 

c. Using a proportion or proportional reasoning (e.g., 18 girls is 6 times 3 girls, so I can multiply 6 by 2 boys to 
find the number of boys).  Using a part-whole fraction to form a proportion for the second class. 

d. Recognizing that a 3:2 ratio is being compared with a 2:1 ratio for the same number of students.  As a result, 
the ratio that represents a larger fraction also represents the class with the larger number of girls, since the 
ratio is female-to-male in both instances. 

 

a) Mr. Copper’s class has a female student-to-male student ratio of 3:2.  If Mr. Copper’s class has 18 
girls, how many boys does he have?  Show or explain in writing how you determined your answer. 

 

 

 
b) Ms. Green’s class has the same number of students as Mr. Copper’s class.  Her female-to-male ratio 

is 2:1.  Which class has the greater number of females?  How do you know?   

 3 6 9 12 15 18 
 2 4 6 8 10 12 
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NYC Grade 6 Assessment 1 
Boys and Girls Task 
Benchmark Papers 

 

© 2011 University of Pittsburgh  

2 Points 
The response demonstrates adequate evidence of the learning and strategic tools necessary to complete the 
prompted purpose.  It may contain overlooked issues, misleading assumptions, and/or errors in execution.  
Evidence in the response demonstrates that the student can revise the work to accomplish the task with the help 
of written feedback or dialogue. 

Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratio 
and scaling.  Reasoning may contain incomplete, ambiguous or misrepresentative ideas.  Partial explanations are 
stated based on work shown. 

Accurate reasoning processes demonstrate the Mathematical Practice (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (3) Construct viable arguments and 
critique the reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem with a table 
and/or ratios.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio 
and/or proportion notation, proper symbolism and proper labeling of quantities. 

The reasoning used to solve the parts of the problem may include: 

a. Scaling up the 3:2 ratio in fraction or tabular form, but failing to stop at a numerator of 18, signifying 18 girls.  
Recognizing 2:1 as the ratio of girls to whole in the other class, and following another scaling up process 
(possibly incorrectly). 

b. Recognizing the need for a whole, but determining it with faulty reasoning or scaling part b to 18 girls rather 
than 30 students.  

c. Using a proportion or proportional reasoning (e.g., 18 girls is 6 times 3 girls, so I can multiply 6 by 2 boys to 
find the number of boys).  Incorrectly using a part-part fraction to form a proportion for the second class.   

d. Recognizing that a 3:2 ratio is being compared with a 2:1 ratio for the same number of students; failing to 
determine the ratio that represents the larger fraction. 

a) Mr. Copper’s class has a female student-to-male student ratio of 3:2.  If Mr. Copper’s class has 18 
girls, how many boys does he have?  Show how you determined your answer.  Explain your 
reasoning in words. 

 

b) Ms. Green’s class has the same number of students as Mr. Copper’s class.  Her female-to-male ratio 
is 2:1.  Which class has the greater number of females?  How do you know?   
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NYC Grade 6 Assessment 1 
Boys and Girls Task 
Benchmark Papers 

 

© 2011 University of Pittsburgh   

1 Point 
The response demonstrates some evidence of mathematical knowledge that is appropriate to the intent of the 
prompted purpose.  An effort was made to accomplish the task, but with little success.  Evidence in the response 
demonstrates that, with instruction, the student can revise the work to accomplish the task. 
Some evidence of reasoning is demonstrated either verbally or symbolically, but may be based on misleading 
assumptions, and/or contain errors in execution.  Some work is used to find ratio and scaling or partial answers 
are evident.  Explanations are incorrect, incomplete or not based on work shown.  The student may make some 
attempt at using some mathematical practices. 

Accurate reasoning processes demonstrate the Mathematical Practice (1) Make sense of problems and 
persevere in solving them and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (3) Construct viable arguments and 
critique the reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem with a table 
and/or ratios.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio 
and/or proportion notation, proper symbolism and proper labeling of quantities.   

The reasoning used to solve the parts of the problem may include: 

a. Identification of the 3:2 ratio in some form (including tabular).   

b. Some attempt to scale, but failure to maintain the ratio, typically by reverting to addition. 

c. Failure to recognize that ratios are being compared in part b; attempting instead to compare by using the 3 
from Mr. Copper’s class with the 2 from Ms. Green’s class (or 2 vs. 1). 

d. Failure to attempt at least one part of the problem 

a) Mr. Copper’s class has a female student-to-male student ratio of 3:2.  If Mr. Copper’s class has 18 
girls, how many boys does he have?  Show how you determined your answer.  Explain your 
reasoning in words. 
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b) Ms. Green’s class has the same number of students as Mr. Copper’s class.  Her female-to-male ratio 
is 2:1.  Which class has the greater number of females?  How do you know?   
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4. Use the recipe shown in the table to answer the questions below.  Use pictures, tables or number 
sentences to solve the task. 

 

 

 

 

 

 

 

 
 
 

a) How many cups of sugar are needed for each egg?  How do you know? 

b) Your sister notices that she needs three times as much baking powder as salt in this recipe.  What is the 
ratio of baking powder to salt?  Explain your reasoning in words. 

Grandma’s Recipe for Sugar Cookies 

1 ½ cups butter 

2 cups sugar 

4 eggs 

¾  teaspoon baking powder 

1 ¼ cups flour 

¼  teaspoon salt 
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3 Points 
The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   
Either verbally or symbolically, the strategy used to solve each part of the problem is stated, as is the work used 
to find ratios, unit rates, scaling and partial answers to problems.  Minor arithmetic errors may be present, but no 
errors of reasoning appear.  Complete explanations are stated, based on work shown. 
Accurate reasoning processes demonstrate the Mathematical Practices, (1) Make sense of problems and 
persevere in solving them and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with the 
tables and/or ratios).  Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the 
reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem as a table, ratio or proportion.  
Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation and proper 
labeling of quantities.  Evidence of the Mathematical Practice, (7) Look for and make use of structure, may be 
demonstrated by student recognition, without actually calculating, that, “three times as much as” can be 
interpreted as a 3/1 ratio.   
The reasoning used to solve the parts of the problem may include: 
a. A ratio of cups of sugar to each egg is formed and simplified or scaled down to a denominator of 1.  
b. Scaling down the 2:4 ratio in tabular form. 
c. Recognizing the phrase “three times as much baking powder as salt” as a 3:1 ratio. 
d. Forming a ¾ : ¼ ratio; possibly scaling that ratio up to 2 ¼ : ¾   on the basis of the 

“three times as much” language. 
e. Drawing a picture and reasoning from the picture for either or both parts. 

 

3 teaspoons baking powder : 1 teaspoon salt 

 

 
 
 

 
a. How many cups of sugar are needed for each egg?  How do you know? 

 
b. Your sister notices that she needs three times as much baking powder as salt in this recipe.  What is the 

ratio of baking powder to salt?  Explain your reasoning in words. 

 2 1 ½  
 4 2 1 

 ¼ ¼ ¼   
 ¼ ¼ ¼   
 ¼ ¼ ¼   
 ¼ ¼ ¼   
 Baking Powder  

¼ 
¼ 
¼ 
¼ 

Salt 
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2 Points 
The response demonstrates adequate evidence of the learning and strategic tools necessary to complete the 
prompted purpose.  It may contain overlooked issues, misleading assumptions, and/or errors in execution.  
Evidence in the response demonstrates that the student can revise the work to accomplish the task with the help 
of written feedback or dialogue. 
Either verbally or symbolically, the strategy used to solve each part of the problem is stated, as is the work used 
to find ratios, unit rates, scaling, and partial answers to problems.  Minor arithmetic errors may be present.  
Reasoning may contain incomplete, ambiguous or misrepresentative ideas.  Partial explanations are stated, 
based on work shown. 
Accurate reasoning processes demonstrate the Mathematical Practices, (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with the 
tables and/or ratios).  Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the 
reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem as a table, ratio or proportion.  
Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation and proper 
labeling of quantities.  Evidence of the Mathematical Practice, (7) Look for and make use of structure, may be 
demonstrated by student recognition, without actually calculating, that, “three times as much as” can be 
interpreted as a 3/1 ratio.  
The reasoning used to solve the parts of the problem may include: 
a. A ratio of cups of sugar to each egg is formed but not scaled down to a denominator of 1.  
b. A ratio of eggs to cups of sugar is formed and scaled down to a denominator of 1. 
c. Forming a ¾ : ¼ ratio; but incorrectly attempting to multiply by 3 on the basis of the “three times as much” 

language. 
d. Drawing a picture for both parts, but reasoning incorrectly from the picture for one part. 

 
 

a. How many cups of sugar are needed for each egg?  How do you know? 

 
b. Your sister notices that she needs three times as much baking powder as salt in this recipe.  What is the 

ratio of baking powder to salt?  Explain your reasoning in words. 
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1 Point 

The response demonstrates some evidence of mathematical knowledge that is appropriate to the intent of the 
prompted purpose.  An effort was made to accomplish the task, but with little success.  Evidence in the response 
demonstrates that, with instruction, the student can revise the work to accomplish the task.  

Some evidence of reasoning is demonstrated either verbally or symbolically, is often based on misleading 
assumptions, and/or contains errors in execution.  Some work is used to find ratios or unit rates or partial answers 
to portions of the task are evident.  Explanations are incorrect, incomplete or not based on work shown. 

Accurate reasoning processes demonstrate the Mathematical Practices, (1) Make sense of problems and 
persevere in solving them and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with the 
tables and/or ratios).  Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the 
reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the Mathematical 
Practice, (4) Model with mathematics, is demonstrated by representing the problem as a table, ratio or proportion.  
Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio notation and proper 
labeling of quantities.  Evidence of the Mathematical Practice, (7) Look for and make use of structure, may be 
demonstrated by student recognition, without actually calculating, that, “three times as much as” can be 
interpreted as a 3/1 ratio.   
The reasoning used to solve the parts of the problem may include: 
a. Expressing a correct ratio, with no explanation. 
b. Forming the ratio of eggs to cups of sugar, but not scaling down to a denominator of 1. 
c. Forming a ratio from two ingredients, only one of which is baking powder or salt; however, correctly placing 

the baking powder or salt in the ratio. 
d. Drawing a picture, but reasoning incorrectly from the picture for both parts. 

 
 

a) How many cups of sugar are needed for each egg?  How do you know? 
 
 

 
 

b) Your sister notices that she needs three times as much baking powder as salt in this recipe.  What is the 
ratio of baking powder to salt?  Explain your reasoning in words. 
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5. Fashion designers are trying to decide on just the right shade of blue for a new line of jeans.  They have 

several bottles of fabric color, some with blue color and some with white color.  They plan to mix these 
together to get the desired color.  

 

 Mix A =     {          }  

 Mix B =     {                  }  

a) Will both mixes produce the same color jeans?  Justify your reasoning. 

b) A designer uses the table below to think about her own special mix, Mix C.  How many liters of blue 
color will she need to make a total of 40 liters?  Explain your reasoning. 

 

  

Liters of 
Blue Color 

Liters of 
White Color 

Total  
Liters 

  5 3   8 
10 6 16 
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3 Points 

The response accomplishes the prompted purpose and effectively communicates the student's mathematical 
understanding.  The student's strategy and execution meet the content (including concepts, technique, 
representations, and connections), thinking processes and qualitative demands of the task.  Minor omissions may 
exist, but do not detract from the correctness of the response.   
Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratios, 
unit rates, scaling, and partial answers to problems.  Minor arithmetic errors may be present, but no errors of 
reasoning appear.  Complete explanations are stated, based on work shown. 

Accurate reasoning processes demonstrate the Mathematical Practice, (1) Make sense of problems and 
persevere in solving them, and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (3) Construct viable arguments and 
critique the reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem tables, ratios 
and/or proportions.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use of ratio 
and/or proportion notation, proper symbolism and proper labeling of quantities.   
Justification may include reasoning as follows: 

a. Forming unit rates and indicating that the unit rates differ or are not equivalent. 
b. Forming ratios and indicating that the ratios differ or are not equivalent. 
c. Building a table of values to a common number and noting, e.g., that one mix uses 9 blue and 6 white while 

the other differs, using 8 blue and 6 white, so the first is “bluer”. 
 

 

d. Extending the table to a total of 40 and correctly identifying the number of blue liters. 
e. Using a proportion or proportional reasoning (e.g., 40 total liters is 5 times 8, so I can multiply 8 by 5 to find 

the number of blue liters). 

 

 4 8 
 3 6 

 3 6 9 
 2 4 6 
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2 Points 
The response demonstrates adequate evidence of the learning and strategic tools necessary to complete the 
prompted purpose.  It may contain overlooked issues, misleading assumptions, and/or errors in execution.  
Evidence in the response demonstrates that the student can revise the work to accomplish the task with the help 
of written feedback or dialogue. 
Either verbally or symbolically, the strategy used to solve the problem is stated, as is the work used to find ratios, 
unit rates, scaling, and partial answers to problems.  Reasoning may contain incomplete, ambiguous or 
misrepresentative ideas.  Partial explanations are stated, based on work shown. 
Accurate reasoning processes demonstrate the Mathematical Practice (1) Make sense of problems and 
persevere in solving them and (2) Reason abstractly and quantitatively (since students need to abstract 
information from the problem, create a mathematical representation of the problem, and correctly work with both 
part-part and part-whole situations).  Evidence of the Mathematical Practice, (3) Construct viable arguments and 
critique the reasoning of others, is demonstrated by complete and accurate explanations.  Evidence of the 
Mathematical Practice, (4) Model with mathematics, is demonstrated by representing the problem with tables, 
ratios and/or proportions.  Evidence of the Mathematical Practice, (6) Attend to precision, can include proper use 
of ratio and/or proportion notation, proper symbolism and proper labeling of quantities.   

Justification may include reasoning as follows: 
a. Incorrectly forming or comparing unit rates or ratios for part a. 
b. Building a table of values to a common number, but incorrectly interpreting results for part a. 
c. Extending the table to 40 blue liters and/or a total of 40 liters, and possibly attempting to scale white liters to 

40; therefore, incorrectly identifying the number of blue liters. 
d. Using a proportion or proportional reasoning incorrectly (e.g., 40 blue liters is 5 times 8, so I can multiply 8 by 

5 to find the total number of liters). 
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1 Point 

The response demonstrates some evidence of mathematical knowledge that is appropriate to the intent of the 
prompted purpose.  An effort was made to accomplish the task, but with little success.  Evidence in the response 
demonstrates that, with instruction, the student can revise the work to accomplish the task. 

Some evidence of reasoning is demonstrated either verbally or symbolically, is often based on misleading 
assumptions, and/or contains errors in execution.  Some work is used to find ratios, unit rates, scaling or partial 
answers to portions of the task are evident.  Explanations are incorrect, incomplete or not based on work shown.  
The student may make some attempt at using some mathematical practices. Accurate reasoning processes 
demonstrate the Mathematical Practice, (1) Make sense of problems and persevere in solving them, and (2) 
Reason abstractly and quantitatively (since students need to abstract information from the problem, create a 
mathematical representation of the problem, and correctly work with both part-part and part-whole situations).  
Evidence of the Mathematical Practice, (3) Construct viable arguments and critique the reasoning of others, is 
demonstrated by complete and accurate explanations.  Evidence of the Mathematical Practice, (4) Model with 
mathematics, is demonstrated by representing the problem tables, ratios and/or proportions.  Evidence of the 
Mathematical Practice, (6) Attend to precision, can include proper use of ratio and/or proportion notation, proper 
symbolism and proper labeling of quantities.   

The reasoning used to solve the parts of the problem may include: 

a. No attempt at mathematical reasoning to respond to part a. 

b. Some attempt to scale in either or both parts, but failure to maintain the ratio, typically by reverting to 
addition. 

c. Incorrectly forming and comparing unit rates or ratios for part a; also, scaling blue, white and total in part b. 
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Assessment 1:  Question 1   
 
1. Giovanni is visiting his grandmother who lives in an apartment building on the 24th floor.  Giovanni 

enters the elevator in the lobby, which is the first floor in the building.  The elevator stops on the 16th 
floor.  What percentage of 24 floors does Giovanni have left to reach his grandmother's floor?  Use 
pictures, tables or number sentences to solve the task.  Explain your reasoning in words. 

 
 
CCSS (Content) Addressed by this Task: 
 
6.RP.1  Understand the concept of ratio and use ratio language to describe a 

ratio relationship between two quantities. 

6.RP.3   Use ratio and rate reasoning to solve real-world and mathematical 
problems, e.g. by reasoning about tables of equivalent ratios, tape 
diagrams, double number line diagrams, or equations. 

6.RP.3c  Find a percent of a quantity as a rate per 100; solve problems involving 
finding the whole, given a part and the percent. 

 
 
CCSS for Mathematical Practice Addressed by this Task: 

1. Make sense of problems and persevere in solving them 
2. Reason abstractly and quantitatively 
3. Construct viable arguments and critique the reasoning of others 
4. Model with mathematics (possible) 
6. Attend to precision 
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Annotation of Student Work With a Score of 3 
 

 
 
 
 
Content Standards:  The student received a score of 3 because s/he recognizes that the context can be 
translated into a ratio of the number of floors traveled to number floors remaining (6.RP.1); however, the 
numbers are not explicitly labeled.  The student then simplifies 16/24 to the equivalent ratio 2/3, which 
s/he appears to know to equal 66 2/3% (6.RP.3c).   The student is able to explain the reasoning that s/he 
uses to find the solution to the problem.  The student also correctly reasons that the percent remaining 
can be determined by subtracting the percent traveled from 100%. 
 
Mathematical Practices:  This student makes sense of the problem (Practice 1) and is able to model the 
situation abstractly and quantitatively and relate the answer back to the context “percentage of floors left” 
(Practices 2 & 4).  The student correctly expresses ratio equivalence (16/24 = 2/3), and uses the percent 
symbol when expressing the results (Practice 6).  S/he presents a coherent explanation of the rationale 
for the procedure used (Practice 3).   
 

Next Instructional Steps:  Ask the student to explain how s/he knows that 2/3 is equivalent to 66
2

3

%.  

Ask the student how s/he can determine the percent of floors traveled if there were 25 floors instead of 24 
floors.  Ask him/her how this can be determined if the ratio is 15/23.   
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Annotation of Student Work With a Score of 2 
 

 
 
 
Content Standards:  The student received a score of 2 because s/he shows an understanding of ratio as 
a relationship between two quantities (6.RP.1) by creating a table with labeled columns.  The student also 
shows an understanding that percent is a rate per 100 (6.RP.3c) when s/he uses a table to scale up 
16/24 (6.RP.3) to find that it is equivalent to a rate of 64/96, which is approximated as 64%.  The student 
also correctly reasons that the percent remaining can be determined by subtracting the percent traveled 
from 100%.  However, the student chooses a strategy that, while it can be used in all situations, will 
generally not yield an exact answer. 
 
Mathematical Practices:  This student makes sense of the problem (Practice 1) and is able to model the 
situation abstractly and quantitatively but does not explicitly relate the answer back to the context 
“percentage of floors left” (Practices 2 & 4).  The student correctly expresses ratio equivalence, uses the 
percent symbol when expressing his results and correctly labels the columns in the table (Practice 6).  
While the symbolic work is well-organized and easy to follow, the student does not present a written 
explanation of the rationale for the procedure used (Practice 3). 
 
Next Instructional Steps:  Ask the student to justify how s/he knows that Giovonni had traveled 
approximately 64% of the floors, and ask whether the exact percent would be more, or less, than 64%. 
Ask the student how s/he knows that 12 floors is equivalent 50%.  Finally, ask the student to think of a 
way that s/he can find the exact percent of floors remaining. If the student is unable to make progress, 
suggest that the student join a group who used a different procedure, and have the students explain their 
strategy.  
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Annotation of Student Work With a Score of 1 
 

 
 
Content Standards:  The student received a score of 1 because the student shows an emerging 
understanding of percent as a ratio when s/he explicitly notes that 24 floors is 100% and 12 floors = 50% 
(6.RP.3 and 6.RP.3c).  This understanding is incomplete, however, and there is a major error in 
reasoning (thinking that the answer is 8% because there are 8 floors to go).  
 
Mathematical Practices:  This student’s work shows some aspects of precision with the consistent use 
of the % symbol; however, the student fails to label the numbers, e.g., in the statement “from 16 to 24 is 8” 
(Practice 6).  The student shows some ability to express his/her reasoning in writing (Practice 3).  The 
student is able to model one aspect of the task – that s/he is being asked to find the percent of floors 
remaining, and thus uses subtraction to determine this amount (Practices 1 & 4).  While the student 
abstracts the quantities from the problem, the student fails to re-contextualize the numbers in terms of the 
context (Practice 2).   
 
Next Instructional Steps:  Ask the student to explain the statement “from 16 to 24 is 8”.  Ask him/her to 
label the numbers – “what do they represent?”  Give the student a 10 x 10 grid and have him/her 
represent the statements “24 floors = 100%” and “12 floors = 50% on the 10 x 10 grid.  The student 
should also shade the portion that they think represents 8 floors, and also shade 8% of another 10 x 10 
grid to determine if 8% is a reasonable answer. Give the student additional problems where s/he works to 
represent percents, fractions and decimals using a 10 x 10 grid in order to develop an understanding of 
equivalence across these three forms of rational numbers.   
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Assessment 1:  Question 2 
 

2. Pianos and pipe organs contain keyboards, a portion of which is shown below. 

 

 
 

a) What is the ratio of black keys to white keys in the picture above? 

b) If the pattern shown continues, how many black keys appear on a portable keyboard with 35 
white keys?  

c) If the pattern shown continues, how many black keys appear on a pipe organ with a total of 240 
keys? 

 
 
CCSS (Content) Addressed by this Task: 
6.RP.1  Understand the concept of ratio and use ratio language to describe a 

ratio relationship between two quantities. 

6.RP.2 
(possible) 

Understand the concept of a unit rate a/b associated with a ratio a:b with 
b≠0, and use rate language in the context of a ratio relationship. 

6.RP.3   Use ratio and rate reasoning to solve real-world and mathematical 
problems, e.g. by reasoning about tables of equivalent ratios, tape 
diagrams, double number line diagrams, or equations. 

6.RP.3a  
(potential) 

Make tables of equivalent ratios relating quantities with whole-number 
measurements, find missing values in the tables, and plot the pairs of 
values on the coordinate plane.  Use tables to compare ratios.   

 
 
CCSS for Mathematical Practice Addressed by this Task: 

1.  Make sense of problems and persevere in solving them 
2. Reason abstractly and quantitatively 
4. Model with mathematics (possible) 
6. Attend to precision 
8. Look for and express regularity in repeated reasoning 
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Annotation of Student Work With a Score of 3 
 

 
 
Content Standards:  The student received a score of 3 because s/he shows an understanding of the 
ratio concept by setting up tables, as well as expressing the ratio using the a:b notation (6.RP.1 The 
student uses tables to form equivalent ratios between black and white keys (6.RP.3) and these tables are 
used to find missing values (6.RP.3a.)  The student correctly represents both the part-part ratios and the 
part-whole ratios to solve this real-world problem (6.RP.3).   
 
Mathematical Practices:  This student is able to represent the problem quantitatively, find a 
quantitative solution, and express the result in terms of the context (Practice 2). The student makes sense 
of the problem (Practice 1) in parts b) and c) by representing the problem with tables and persisting until 
solutions to the questions are found.   The student consistently labels the quantities (Practice 6), but does 
not use any information from the table in part b) as a shortcut to finding an answer to part c) (Practice 8). 
 
Next Instructional Steps:  Ask the student to figure out a way to determine the number of black keys 
if the organ had 480 total keys without extending the table, and to explain why it works.  Ask the student if 
s/he sees other patterns within his/her table in part c. 
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Annotation of Student Work With a Score of 2 

 
 
 
 
 
Content Standards:  The student received a score of 2 because the student correctly represents the 
ratios involved (6.RP.1) using labeled quantities and the a:b notation.  The student uses an equivalent 
ratio to answer the question (part b) though s/he doesn’t indicate how it is formed (6.RP.3). In part c) the 
student fails to show an understanding that 240 represents a part-whole ratio, since s/he again begins 
with the part-part ratio of black to white keys.  The answer given is also not a reasonable answer, given 
the part-part ratio indicated. 
 
Mathematical Practices:  This student is able to represent the problem quantitatively, find a 
quantitative solution, and express the result in terms of the context (Practices 1 & 2).  The student 
consistently labels the quantities (Practice 6).  The student provides a written response/explanation 
(Practice 3) even though this is not explicitly asked for in the prompt. The student attempts to use 
repeated reasoning (Practice 8) in each part of the problem, but fails to recognize the difference between 
the part-part reasoning of parts a) and b) versus the part-whole reasoning of part c). 
 
Next Instructional Steps:  Ask the student to explain what 240 represents in terms of the context.  
Ask the student whether his/her answer of 6 6/7 black keys seems reasonable.  Suggest that the student 
construct a table and use that to try to figure out how many black keys there will be if there are 240 total 
keys. 
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Annotation of Student Work With a Score of 1 
 

 
 
 
Content Standards:  The student received a score of 1 because a beginning understanding of ratio is 
apparent (6.RP.1) in the student’s response to part a), and the student attempts to use a method of 
scaling up to produce equivalent ratios (6.RP.3) to answer parts b) and c); however, the student uses an 
additive, rather than a multiplicative, approach.  The student maintains the constant difference between 
black and white keys, instead of a constant ratio.  The student also fails to recognize that part c) is asking 
for a part-whole relationship. 
 
Mathematical Practices:  This student labels all of the quantities (Practice 6), and abstracts the 
quantities from the context, works with those quantities, and re-contextualizes the quantities in terms of 
the problem (Practice 2).    
 
Next Instructional Steps:  In order to help the student to move from an additive, to a multiplicative, 
understanding of equivalent ratios, it will be helpful to have the student use manipulatives or diagrams to 
represent the problem.  It will also be helpful to have him/her use a table to represent the equivalent ratios 
of black to white keys as the pattern is extended.  The student can then be asked to explore the patterns 
that emerge in both the model and the table, and to try to anticipate how the pattern will grow beyond 
what is shown.   
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Assessment 1:  Question 3 
 
3 a) Mr. Black’s class has a female student-to-male student ratio of 3:2.  If Mr. Black’s class has 18 

girls, how many boys does he have?  Show or explain in writing how you determined your answer. 
 
  b) Ms. Green’s class has the same number of students as Mr. Black’s class.  Her female-to-male 

ratio is 2:1.  Which class has the greater number of females?  How do you know? 
 
 
CCSS (Content) Addressed by this Task: 
6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio 

relationship between two quantities. 

6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b≠0, 
and use rate language in the context of a ratio relationship. 

6.RP.3   Use ratio and rate reasoning to solve real-world and mathematical problems, 
e.g. by reasoning about tables of equivalent ratios, tape diagrams, double 
number line diagrams, or equations. 

6.RP.3a  Make tables of equivalent ratios relating quantities with whole-number 
measurements, find missing values in the tables, and plot the pairs of values on 
the coordinate plane.  Use tables to compare ratios.  (possible)   

 
 
CCSS for Mathematical Practice Addressed by this Task: 

1. Make sense of problems and persevere in solving them 
2. Reason abstractly and quantitatively 
3. Construct viable arguments and critique the reasoning of others 
4. Model with mathematics 
6. Attend to precision 
7. Look for and express regularity in repeated reasoning 
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Annotation of Student Work With a Score of 3 

 
 

Content Standards:  The student received a score of 3 because the work shows a clear understanding 
of scaling up ratios to form equivalent ratios and find missing values (6.RP.3 & 6.RP.3a). This student 
does this both with the part-part and part-whole ratios (girls to boys in Mr. Black’s class and females to 
class in Ms. Green’s class).  S/he scales up the ratios by multiplying both parts of the ratio (expressed in 
fraction form) by the same factor. The student also shows an understanding of the multiple ways to 
express ratios (6.RP.1), and explains that s/he uses equivalent fractions to find the missing value. The 
student gives complete explanations of his/her reasoning, using both words and symbols.  There are no 
arithmetic errors.   

Mathematical Practices:  This student’s work is strengthened by all of the identified mathematical 
practices – the student shows the ability to model the situation mathematically (Practice 4) in the process 
of developing a solution strategy and carrying it out successfully (Practice 1).  The student moves from 
the context to the abstraction and back again to the context (Practice 2) and the work is made clear by 
the use of appropriate labels and ratio notation (Practice 6). The student clearly discerns and uses the 
structure of proportional relationships, whether part-part or part-whole (Practice 7).  Finally the student 
gives a complete explanation of his/her reasoning and the meaning of the results (Practice 3). 

Next Instructional Steps:  Ask the student to explain what multiplying the numerator and denominator of 

the ratio 3
2

 by 6 (or the numerator and denominator of the ratio 2
1

 by 10 or 9) means in the context of 

the problem.  Ask him/her “why” you have to multiply both by the same number, and why that is important 
in problems like this.  Ask him/her if it would have been possible to do the same thing if the ratios were in 
the form 3:2 or 2:1.  
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Annotation of Student Work With a Score of 2 
 

 
 
Content Standards:  This student received a score of 2 because the work in both parts of the problem 
shows evidence of scaling up ratios, using a table, to form equivalent ratios and find missing values 
(6.RP.3 & 6.RP.3a). Although a multiplicative approach is suggested, it is not clear whether this is done 
additively or multiplicatively.  The student uses appropriate notation to express the ratios (6.RP.1).  The 
student shows some understanding that part b) refers to a part-whole relationship, since s/he first finds the 
total number of students in Mr. Black’s class, and scales up the table of ratios in part b) until 30 is reached; 
however, the student fails to attend to the fact that 2:1 is a part-part ratio.  The student fails to give a 
written explanation of his/her reasoning, though the symbolic work suggests the nature of the reasoning 
that occurred.  The student fails to explicitly answer the questions in parts a) and b), though numbers are 
present which could be used to answer the questions (incorrectly in part b).  There are no arithmetic 
errors. 
 
Mathematical Practices:  One of the difficulties in the student’s reasoning might be due to the lack of 
Practice 6 (attend to precision), since none of the columns in the tables are labeled; thus, the student may 
have lost track of what the ratios refer to. There are some practices present – the student shows the 
ability to partially model the situation mathematically (Practice 4) in the process of developing a solution 
strategy and carrying it through, though not completely successfully (Practice 1).  The student moves 
from the context to the abstraction but fails to refer back again to the context (Practice 2).  Finally the 
student fails to give an explanation of his/her reasoning or the meaning of the results (Practice 3).  
 
Next Instructional Steps:  Ask the student to explain orally the strategies that were used, and to explain 
what the numbers in the columns of the table mean.  Ask the student also to explain how s/he got from 
one row to the next, and what that means in the context of the problem.  If the student uses an additive 
approach (i.e. adding 3 to the number of females and 2 to the number of males, etc.)  ask the student if 
there is another way s/he can get from 3:2 to 18:15 without adding repeatedly.  
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Annotation of Student Work With a Score of 1 

 
Content Standards:  This student received a score of 1 because, although the student uses a table, the 
work does not show evidence of scaling up ratios to form equivalent ratios and find missing values 
(6.RP.3a).  Instead, the student uses an additive approach in both parts of the problem to find the solution 
to the problem.  The given ratio (3:2 or 2:1) is added until the desired value (18 or 20) is reached).  The 
student shows an understanding that part b) refers to a part-whole relationship, since s/he first finds the 
total number of students in Mr. Black’s class and then understands that a 2:1 ratio with a total of 30 
students would yield a ratio of 20:10. The student fails to provide a written explanation of his/her 
reasoning, though it is clear symbolically what was done.  The student fails to explicitly answer the 
questions in parts a) and b), though numbers are present which could be used to answer the questions. 
There are no arithmetic errors. 

Mathematical Practices:  The student correctly labels the columns in parts a) and b) (Practice 6).  The 
student shows the ability to model the situation mathematically with tables (Practice 4) and develops a 
solution strategy and carries it through in a way that could provide an answer to the questions (Practice 1).  
The student moves from the context to the abstraction but fails to refer back again to the context (Practice 
2).  Finally, the student fails to give an explanation of his/her reasoning or the meaning of the results 
(Practice 3).  

Next Instructional Steps:  This student will benefit from being grouped with other students who use 
multiplicative approaches to find equivalent ratios, and who are able to articulate their reasoning.  S/he 
can also be encouraged to draw pictures to represent the situation, and to focus on the total number of 
students in each step of the table.  The student can be encouraged to look for patterns and to explain 
what the patterns mean in the context of the problem. 
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Assessment 1:  Question 4   
4. Use the recipe shown in the table to answer the questions below.  Use pictures, tables or number 

sentences to solve the task. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

a) How many cups of sugar are needed for each egg?  How do you know? 

b) Your sister notices that she needs three times as much baking powder as salt in this recipe.  
What is the ratio of baking powder to salt?  Explain how you know. 

 
 
CCSS (Content) Addressed by this Task: 
 
6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio 

relationship between two quantities. 

6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b≠0, 
and use rate language in the context of a ratio relationship. 

6.RP.3   Use ratio and rate reasoning to solve real-world and mathematical problems, 
e.g., by reasoning about tables of equivalent ratios, tape diagrams, double 
number line diagrams, or equations.   

6.RP.3b Solve unit rate problems including those involving unit pricing and constant 
speed. 

 
CCSS for Mathematical Practice Addressed by this Task: 

1. Make sense of problems and persevere in solving them 
2. Reason abstractly and quantitatively 
3. Construct viable arguments and critique the reasoning of others 
4. Model with mathematics (possible) 
6. Attend to precision 
7. Look for and make use of structure.  

Grandma’s Recipe for Sugar Cookies 

1 ½ cups butter 

2 cups sugar 

4 eggs 

¾  teaspoon baking powder 

1 ¼ cups flour 

¼  teaspoon salt 
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Annotation of Student Work With a Score of 3 
 

 
 
 
Content Standards:  The student received a score of 3 because s/he uses a diagram to determine 
amount of sugar needed for each egg (unit rate) (6.RP.1, 6.RP.2, 6.RP.3).  The student also expresses 
the ratio of baking powder to salt using ratio notation (6.RP.1) and shows that s/he understands the 
connection of the ratio to “three times as much”.  The student is able to correctly solve a unit rate problem 
based on a real-world context (6.RP.3b). 
 
Mathematical Practices:  This student makes sense of the problem (Practice 1) and models it using a 
diagram (Practice 4).  The student uses this model to justify his/her response (Practice 3) though a written 
explanation is not provided.  The student abstracts the quantities in the problem, reasons with them, and 
relates the answers back to the context (Practice 2).  The student correctly labels the quantities involved 
(Practice 6). 
 
Next Instructional Steps:  Ask the student to explain his/her diagram, and ask him/her what other ways 
could s/he use to represent the ratio.  Ask the student what this type of ratio is called (unit rate).  Ask the 
student to show you how s/he can figure out “how much butter is needed for each egg”.     
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Annotation of Student Work With a Score of 2 
 

  
 
Content Standards:  The student received a score of 2 because s/he correctly uses a diagram to 
determine and explain the unit rate (6.RP.2) of a half-cup per egg.  Although the student uses informal 
language to express the ratio and unit rate, she does not use standard ratio notation or language (6.RP.1).  
The student also fails to form a ratio for part b), though by setting up a horizontal table and inserting the 
correct quantities, s/he appears to clearly show an understanding that the question asks for a relationship 
between the two quantities (6.RP.1); there was also an attempt to account for the statement “3 times as 
much”, though an error was made.  
 
Mathematical Practices:  This student is able to make sense of the problem (Practice 1) and model the 
situation with a diagram (Practice 4).  The student abstracts the information from the problem and re-
contextualizes it in terms of the context (Practice 2).  The student shows the habit of labeling columns in 
tables (Practice 6).  Although the student’s diagram can be seen as a reasonable justification for the 
answer to part a) (Practice 3), the student does not provide a written explanation.  
 
Next Instructional Steps:  Ask the student to express the ratio between sugar and egg using symbols.  
Ask the student what this type of ratio is called (unit rate).  Ask him/her to show you how the table can 
help them show the relationship between baking powder and salt. 
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Annotation of Student Work With a Score of 1 
 

 
 
 
Content Standards:  The student received a score of 1 because, although s/he correctly forms a ratio of 
cups of sugar to eggs and expresses it as a rate “1 cup of sugar for each 2 eggs”, s/he does not 
represent the unit rate (6.RP.2).  The student uses informal language to express the rate but does not use 
standard ratio notation (6.RP.1).  Although the student shows an understanding of what “3 times as much” 
means in part b), s/he does not seem to understand this to be a relationship between two quantities 
(6.RP.1).  
 
Mathematical Practices:  This student interprets the context and finds an entry point (Practice 1).  The 
student also abstracts and manipulates the quantitative information from the problem and interprets the 
answer in terms of the context (Practice 2).  The student provides a mathematical justification (division) 
for his/her procedure (Practice 3).  The student understands the relationship between the division 
operation and the context (Practice 4) and labels the quantities appropriately in part a), though s/he fails to 
label them in part b) (Practice 6).   
 
Next Instructional Steps:  Ask the student to draw a diagram and use it to figure out how much sugar 
there will be for one egg.  Ask the student how that can be expressed symbolically as a ratio.  For part b), 
have the student draw diagrams to show different examples of “three times as much baking powder as 
salt” (without referring to the quantities in the table).  See if the student can express these examples as 
ratios, and ask where the “three times as much” can be seen in the ratio.  Ask the student whether the 
relationship between baking powder and salt given in the table fits this criterion.   
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Assessment 1:  Question 5 
 

5. Fashion designers are trying to decide on just the right shade of blue for a new line of jeans.  
They have several bottles of fabric color, some with blue color and some with white color.  They 
plan to mix these together to get the desired color.  

 

 Mix A =     {          }  

 Mix B =     {                  }  

a) Will both mixes produce the same color jeans?  Justify your reasoning. 

b) A designer uses the table below to think about her own special mix, Mix C.  How many liters 
of blue color will she need to make a total of 40 liters?  Explain your reasoning. 

 
 
 
 
 
 
 
 
 
 
 
CCSS (Content) Addressed by this Task: 
 
6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio 

relationship between two quantities. 

6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b≠0, 
and use rate language in the context of a ratio relationship. 

6.RP.3   Use ratio and rate reasoning to solve real-world and mathematical problems, 
e.g. by reasoning about tables of equivalent ratios, tape diagrams, double 
number line diagrams, or equations. 

6.RP.3a  Make tables of equivalent ratios relating quantities with whole-number 
measurements, find missing values in the tables, and plot the pairs of values on 
the coordinate plane.  Use tables to compare ratios.  (possible)   

6.RP.3b Solve unit rate problems including those involving unit pricing and constant 
speed. 

6.RP.3c  Find a percent of a quantity as a rate per 100; solve problems involving finding 
the whole, given a part and the percent. 

Liters of 
Blue Color 

Liters of 
White Color 

Total  
Liters 

  5 3   8 
10 6 16 
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CCSS for Mathematical Practice Addressed by this Task: 

1. Make sense of problems and persevere in solving them 
2. Reason abstractly and quantitatively 
3. Construct viable arguments and critique the reasoning of others 
4. Model with Mathematics (possible) 
6. Attend to precision 
7. Look for and make use of structure 
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Annotation of Student Work With a Score of 3 

 
 
Content Standards:  The student received a score of 3 because s/he represents the context using ratios 
(6.RP.1), correctly uses equivalent ratios with a common denominator to compare the ratio of blue to 
white dye in the two mixes and arrives at the correct conclusion (6.RP.3; 6.RP.3a).  The student also 
extends the table of equivalent ratios, explaining his/her reasoning that “if you continue the pattern (sic) 
the mix will remain the same except the total will get bigger” (6.RP.3a).  
 
Mathematical Practices:  This student analyzes the problem and uses an appropriate strategy to answer 
part a) (Practice 1), abstracting the relevant quantities, working mathematically with those quantities and 
relating the results back to the context (Practice 2).  The student constructs a viable argument, going 
beyond what was requested for part b) (Practice 3).  The student does not label the quantities in the initial 
ratios (Practice 6); however, the explanation “mix B has more white then (sic) mix A” suggests that s/he 
keeps track of the meaning of the quantities in the ratios 8:12 and 9:12.  The student can give a more 
complete explanation of the reasoning in part a) by stating that the amount of blue dye was the same 
(Practice 3).  The student also fails to accurately express the “scaling up” of the ratios when s/he says 
simply “2:3 x 4” and “3:4 x 3” (Practice 6), although it is clear that she multiplied both numerator and 
denominator to arrive at the solution.  The student notes and uses the structures of proportional 
reasoning, and can clearly use more than one strategy associated with those structures (Practice 7). 
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Next Instructional Steps:  Ask the student to explain what s/he did to scale up the ratios and how the 
factors were chosen.  Press the student to represent what s/he actually did mathematically and to explain 
what happens when you multiply a ratio by 4/4 or 3/3.  Ask the student to explain what s/he means by 
“Mix B has more white than Mix A”.  Play devil’s advocate: “in the original picture, Mix B also has more 
white than Mix A.  Why can’t you just answer the question from what is shown there?”  
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Annotation of Student Work With a Score of 2 
 

 
 
 
Content Standards:  The student received a score of 2 because the ratio of blue to white dye is correctly 
represented (6.RP.1).  The student uses a process of scaling up in part b) to produce equivalent ratios to 
determine the amount of blue dye that would be in 40 liters (6.RP.3, 6.RP.3a) and explains how the factor 
of change was determined.  However, in part a) the quantities are not labeled in the ratios, and the 
student shows no evidence of understanding that the task requires him/her to determine whether the 
ratios are equivalent (6.RP.3a). 
 
Mathematical Practices:  This student’s work shows an effort to justify the responses through the 
consistent use of “because” (Practice 3).   This student analyzes the problem and uses an appropriate 
strategy to answer part b) (Practice 1). The student does not label the quantities in the initial ratios 
(Practice 6).  While the student recognizes the need to think proportionally in part b), s/he does not 
discern the need to do so in part a) (Practice 7).  
 
Next Instructional Steps:  Ask the student to explain how s/he knows that the two mixes do not produce 
the same color.  If the response is “3/2 is not the same as 4/3” ask him/her how s/he knows this.  Ask the 
student what they would have said if Mix B had been 6 parts blue to 4 parts white or 6/4”.  If the student 
argues that these are equivalent, ask him/her how to convince their neighbor that 3/2 and 4/3 are not 
equivalent. 
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Annotation of Student Work With a Score of 1 
 

 
 
 
Content Standards:  The student received a score of 1 because, although s/he correctly extends the 
table to find the missing value in part b) (6.RP.3a), the answer (25 liters) is not given and there is no 
explanation.  In addition, the student uses an additive, rather than multiplicative, approach to compare the 
ratios in part a).  The student also fails to provide the ratios that are being compared (6.RP.1) and fails to 
provide an explanation for part b). 
 
Mathematical Practices:  This student attempts to make sense of the problem (Practice 1) and produce 
a coherent explanation of his/her reasoning (Practice 3).  
 
Next Instructional Steps:  The student will need many opportunities to work with problems that involve 
scaling up (as in part b) using tables and diagrams where s/he will recognize that the total “mix” remains 
the same as the quantity grows.  The student will need to explore patterns in the table, and to figure out 
why the mix still remains the same as it grows.  As the student explores patterns in such tables, s/he can 
be asked to identify patterns that exist – both within columns and between columns. 
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GRADE 6 MATH: RATIOS AND PROPORTIONAL 

RELATIONSHIPS 

 INSTRUCTIONAL SUPPORTS 
The instructional supports on the following pages include a unit outline with formative assessments 
and suggested learning activities. Teachers may use this unit outline as it is described, integrate parts 
of it into a currently existing curriculum unit, or use it as a model or checklist for a currently existing 
unit on a different topic.  

In addition to the unit outline, these instructional materials include: 

Three sequences of high-level instructional tasks (an arc), including detailed lesson guides for select tasks, 
which address the identified Common Core Standards for Mathematical Content and Common Core Learning 
Standards for Mathematical Practice.  Each of the lessons includes a high-level instructional task designed to 
support students in preparation for the final assessment. 

The lessons guides provide teachers with the mathematical goals of the lesson, as well as possible solution 
paths, errors and misconceptions, and pedagogical moves (e.g., promoting classroom discussion) to elevate 
the level of engagement and rigor of the tasks themselves.  Teachers may choose to use them to support 
their planning and instruction. 
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Unit Outline 

 

 

  
IINNTTRROODDUUCCTTIIOONN:: Teachers may (a) use this unit as it is described below; (b) integrate parts of 
it into a currently existing curriculum unit; or (c) use it as a model or checklist for a currently 
existing unit on a different topic or (d) Teach the unit as it is while including additional 
supplementary materials to support student understanding.   
 
 

Grade 6 Math: Ratios and Proportional 
Relationships 

UUNNIITT  OOVVEERRVVIIEEWW  
This 4-5 week unit focuses on developing an understanding of ratio concepts and using 
ratio reasoning to solve problems.  By viewing equivalent ratios and rates as deriving from, 
and extending, pairs of rows (or columns) in the multiplication table, and by analyzing 
simple drawings that indicate the relative size of quantities, students connect their 
understanding of multiplication and division with ratios and rates.  Students learn  to use 
ratio and rate language to  describe relationships; expand the scope of problems for which 
they can use multiplication and division; connect ratios and fractions; and solve a wide 
variety of problems involving ratios and rates.  

 

CCOOMMMMOONN  CCOORREE  LLEEAARRNNIINNGG  SSTTAANNDDAARRDDSS:  

Understand ratio concepts and use ratio reasoning to solve problems. 

 
 6.RP.1 Understand the concept of ratio and use ratio language to describe a ratio 

relationship between two quantities. For example, “The ratio of wings to beaks in the bird 
house at the zoo was 2:1, because for every 2 wings there was 1 beak.” “For every vote 
candidate A received, candidate C received nearly three votes.” 

 6.RP.2 Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, 
and use rate language in the context of a ratio relationship. For example, “This recipe has 
a ratio of 3 cups of flour to 4 cups of sugar, so there is 3/4 cup of flour for each cup of 
sugar.” “We paid $75 for 15 hamburgers, which is a rate of $5 per hamburger.” 

 6.RP.3 Use ratio and rate reasoning to solve real-world and mathematical problems, i.e., 
by reasoning about tables of equivalent ratios, tape diagrams, double number line 
diagrams, or equations. 

a. Make tables of equivalent ratios relating quantities with whole-number 
measurements, find missing values in the tables, and plot the pairs of values on the 
coordinate plane. Use tables to compare ratios. 
b. Solve unit rate problems including those involving unit pricing and constant 
speed. For example, if it took 7 hours to mow 4 lawns, then at that rate, how many 
lawns could be mowed in 35 hours? At what rate were lawns being mowed? 
c. Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 
30/100 times the quantity); solve problems involving finding the whole, given a part 
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Unit Outline 

 

 

and the percent.  
d. Use ratio reasoning to convert measurement units; manipulate and transform 
units appropriately when multiplying or dividing quantities. 

 
 MP.1 Make sense of problems and persevere in solving them. 
 MP. 2 Reason abstractly and quantitatively. 
 MP.3 Construct viable arguments and critique the reasoning of others. 
 MP.4 Model with mathematics. Use appropriate tools strategically. 
 MP.5 Use appropriate tools strategically. 
 MP. 6 Attend to precision. 
 MP.7 Look for and make use of structure. 
 MP.8 Look for and express regularity in repeated reasoning. 
 

 
 

BBIIGG  IIDDEEAASS//EENNDDUURRIINNGG  UUNNDDEERRSSTTAANNDDIINNGGSS::  
 

 A ratio is a multiplicative comparison of 
two quantities, or it is a joining of two 
quantities in a composed unit. 

 Reasoning with ratios involves attending 
to and coordinating two quantities. 

 If one quantity in a ratio is multiplied or 
divided by a particular factor, then the 
other quantity must be multiplied by the 
same factor to maintain the proportional 
relationship. 

 Knowledge of equivalent fractions and 
equivalent ratios can be used  to model 
ratio, rate and proportional reasoning 
grounded in sense making. 

 This knowledge can be generalized into 
algorithms for solving ratio, rate and 
proportion problems. 

 

EESSSSEENNTTIIAALL  QQUUEESSTTIIOONNSS::    
 

 How are ratios and rates related to 
fractions? 

 How can I use multiplication and 
division to solve ratio and rate 
problems? 

 What is the difference between a ratio 
and a rate? 

 How can I use tables of equivalent ratios, 
tape diagrams, double number line 
diagrams, or equations to compare rates 
of change? 

 What important elements do I need to 
know about proportional reasoning and 
when should I apply it?  

CCOONNTTEENNTT::  

Prior Knowledge: 
  Fluency with multiplication and division 

of whole numbers  

  Ability to generate factors and multiples  

 Understanding of fractions and fraction 

SSKKIILLLLSS  AANNDD  PPRRAACCTTIICCEESS::    

  
The unit takes a holistic approach to the skills 
listed below and emphasizes the 
interdependence of the skills. 
 

 Apply multiplicative reasoning to 
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equivalence 

---------------------------------------------------- 
Ratio and Rate: 

 Whole number multiplication and 
division 

 “Scaling up” and “scaling down’ 
 Rate 
 Unit Rate 
 Speed 
 Fractions 
 Equivalent fractions 
 Percent 
 Problem solving  
 Reasoning 
 Tools: 

Multiplication tables  
Tables of equivalent ratios  
Tape diagrams  
Double number line diagrams  
Equations 

 
 
 
 
 
 
 
 
-------------------------------------------------------------- 
 
 
Proportion: 
 

 Equivalent ratios 
 Equivalent fractions 
 Product of the means and extremes 
 Problem Solving 
 Reasoning 

 
 
 
 
 
 
 

explain the concept of ratio 
 Use ratio language to describe a ratio 

relationship between two quantities 
 Understand and apply the concept of a 

unit rate a/b associated with a ratio a:b 
with b ≠ 0 

 Use rate language in the context of a 
ratio relationship.  

 Distinguish the difference between rate 
and ratio  

 Apply concepts of rate and ratio to solve 
real world problems, using tables of 
equivalent ratios, tape diagrams, double 
number line diagrams, or equations 

 Make tables of equivalent ratios relating 
quantities with whole-number 
measurements 

 Create equivalent fractions, given a 
fraction  

 Solve unit rate problems, including 
those involving unit pricing and constant 
speed 

 Express ratios in different forms 
 

------------------------------------------------------------- 
 
 
 Express equivalent ratios as a 

proportion  
 Solve proportions using equivalent 

fractions  
 Verify the proportionality of two ratios 

using the Cross Products Property (a/b = 
c/d is true if ad = bc, d ≠ 0) 

 Read, write, and identify percents of a 
whole (0% to 100%)  

 Find a percent of a quantity as a rate per 
100 (e.g., 30% of a quantity means 
30/100 times the quantity); 

 Solve  problems involving percent, rate, 
and base  

 Use tables to compare ratios.  
 Use ratio reasoning to convert 

measurement units;  
 Manipulate and transform measurement 

units appropriately when multiplying or 
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-------------------------------------------------------------- 
 

Coordinate Geometry and Algebra: 
 Coordinate plane 

 Ordered pairs 

 Plotting points 

dividing quantities.  
 

 
------------------------------------------------------------- 

 
 
 Find missing values in tables of 

equivalent ratios, and plot the pairs of 

values on the coordinate plane. 

In planning to address these skills and their 
interdependence, it is critically important also to 
consider the Standards for the Mathematical 
Practices, which require that the student: 
 

  Make sense of problems and persevere 
in solving them  

  Reason abstractly and quantitatively  
  Construct viable arguments and critique 

the reasoning of others.  
  Model with mathematics.  
  Use appropriate tools strategically  
  Attend to precision.  
  Look for and make use of structure  
  Look for and express regularity in 

repeated reasoning.  

Together, these skills and practices should 
enable a student to achieve the objective of the 
unit.  

 
 

VVOOCCAABBUULLAARRYY//KKEEYY  TTEERRMMSS::  
Ratio, rate, equivalent ratios, unit rate, per, percent, form, proportion, proportional 
relationships, scale, composed unit, unit price, constant speed, rate of change, 
multiplicative relationship, coordinate plane, x-axis, y-axis, origin, ordered pairs,  
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Unit Outline 

 

 

AASSSSEESSSSMMEENNTT  EEVVIIDDEENNCCEE  AANNDD  AACCTTIIVVIITTIIEESS::  

IINNIITTIIAALL  AASSSSEESSSSMMEENNTT  ::  TTHHEE  FFRRAACCTTIIOONN  TTAASSKK  

The initial assessment also allows for what is sometimes called a touchstone task. The Fraction 
Task is rich enough as it can be solved from a variety of approaches, thereby allowing students to 
make sense of it in natural ways.  As the unit progresses, students should be able to move to more 
efficient or grade-level appropriate strategies.  As the students learn new ideas or procedures, 
students and the teacher can reflect upon how these new ideas and procedures might apply to the 
Fractions Task.  Please reference the Fractions Task for full task details.  

FFOORRMMAATTIIVVEE  AASSSSEESSSSMMEENNTT::  CCAATTEERRPPIILLLLAARRSS  TTAASSKK  

The purpose of formative assessment is to surface misconceptions and, through the course of the 
lessons, to provide ways for students to resolve these misconceptions and deepen their 
understanding. By surfacing misconceptions, the teacher is then able to make mid-unit corrections 
to instruction. Thus, students’ experiences help to improve learning, rather than waiting until the 
final assessment to uncover problems or gaps in learning. Throughout this unit, periodic collection 
and analysis of work should yield a wealth of information teachers can use formatively. 

FFIINNAALL  PPEERRFFOORRMMAANNCCEE  TTAASSKK::  66TTHH  GGRRAADDEE  PPEERRFFOORRMMAANNCCEE  AASSSSEESSSSMMEENNTT  11      
 
At the end of the unit the teacher should give the class The 6th Grade Performance Assessment 1 to 
see how students have improved their thinking and mathematical skills over the course of the 
instructional unit. This set of tasks assesses students’ skills in, and knowledge of the big ideas skills 
and strategies described in this unit. See assessment for full details. 

LLEEAARRNNIINNGG  PPLLAANN  &&  AACCTTIIVVIITTIIEESS::    
Each Arc of Lessons and the student tasks included therein can be used in sequence for 
individual and group exploration and discussion; and for ongoing formative assessment.  
Each sequence of lessons here (an arc) includes specific student tasks. The tasks were designed 
to be cognitively demanding and to provide options in representation, action/expression, 
and engagement. See The Mathematical Task Analysis Guide and Universal Design for 
Learning Principles in this packet. These tasks  are arranged in a particular order to support the 
development of the big ideas of the unit.    

Arc 1 (Multiplicative Comparisons) 

 Fractions Task 

 Cookies Task 
 String Bean & Slim Task*  
 Towns Task* 

      Arc 2 (Rates and Part to Part Relationships) 
 Caterpillar Task 
 Dripping Faucet 
 Worms Task* 
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Unit Outline 

 

 

 Lemonade Mix Task* 
   Arc 3 (Rates and Part to Part  and Part to Whole Relationships) 

 Distance Task 
 Mixing Paint Task* 
 Wheat Flour Task 

  

Tasks marked with an asterisk (*) include a detailed lesson guide, which can be used for ideas on 
how to implement these tasks in ways that deepen student understanding while building 
procedural competence. All the tasks are intended to be used as formative assessment 
tools. 

 

Please note: None of these arcs directly address 6.RP.3.c: Find a percent of a quantity as a rate per 
100 (e.g., 30% of a quantity means 30/100 times the quantity); solve problems involving finding 
the whole, given a part and the percent. 

RREESSOOUURRCCEESS::  RREESSOOUURRCCEESS::  

SSUUPPPPOORRTTIINNGG  UUNNIITTSS  FFOORR  SSTTUUDDEENNTTSS  
 Activities for the Differentiated Classroom, Math Grades 6-8, Corwin (2008). 
 Teaching Centered Mathematics Grades 5 - 8, Volume Three; Van de Walle, John & LouAnn 

H. Lovin; Pearson Education Inc. NY 2006 
 Elementary and Middle School Mathematics: Teaching Developmentally; Van de Walle; 

Pearson Education Inc NY 
 The following Connected Math Project (CMP) units provide additional investigations 

and tasks to extend or enrich this unit: 
 Bits and Pieces 1, 2, and 3 (Grade 6) 
 Prime Time (Grade 6) 

http://connectedmath.msu.edu/mathcontent/contents.shtml 
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6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities.  
For example, “The ratio of wings to beaks in the bird house at the zoo was 2:1, because for every 2 wings there 
was 1 beak.”  “For every vote candidate A received, candidate C received nearly three votes.” 

6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the 
context of a ratio relationship.  For example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so 
there is 3/4 cup of flour for each cup of sugar.”  “We paid $75 for 15 hamburgers, which is a rate of $5 per 
hamburger.” 

6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, i.e., by reasoning about tables of 
equivalent ratios, tape diagrams, double number line diagrams, or equations. 
a.  Make tables of equivalent ratios relating quantities with whole number measurements, find missing values 

in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare ratios. 
b. Solve unit rate problems including those involving unit pricing and constant speed. For example, if it took 7 

hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate were 
lawns being mowed? 

c. Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); 
solve problems involving finding the whole, given a part and the percent. 

d. Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when 
multiplying or dividing quantities. 

Essential Understandings of Ratios, Proportions & Proportional Reasoning (NCTM) 

1. Reasoning with ratios involves attending to and coordinating two quantities. 
2. A ratio is a multiplicative comparison of two quantities, or it is a joining of two quantities in a composed unit. 
3. Forming a ratio as a measure of a real-world attribute involves isolating that attribute from other attributes and 

understanding the effect of changing each quantity on the attribute of interest. 
4. A number of mathematical connections link ratios and fractions: 

a. Ratios are often expressed in fraction notation, although ratios and fractions do not have identical meaning. 
b. Ratios are often used to make “part-part” comparisons, but fractions are not. 
c. Ratios and fractions can be thought of as overlapping sets. 
d. Ratios can often be meaningfully reinterpreted as fractions. 

5. Ratios can be meaningfully reinterpreted as quotients. 
6. A proportion is a relationship of equality between two ratios. In a proportion, the ratio of two quantities remains 

constant as the corresponding values of the quantities change. 
7. Proportional reasoning is complex and involves understanding that: 

a. Equivalent ratios can be created by iterating and/or partitioning a composed unit; 
b. If one quantity in a ratio is multiplied or divided by a particular factor, then the other quantity must be multiplied 

or divided by the same factor to maintain the proportional relationship; and 
c. The two types of ratios – composed units and multiplicative comparisons – are related. 

8. A rate is a set of infinitely many equivalent ratios. 
9. Several ways of reasoning, all grounded in sense making, can be generalized into algorithms for solving proportion 

problems. 
10. Superficial cues present in the context of a problem do not provide sufficient evidence of proportional relationships 

between quantities. 
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Fraction Tasks 
 
6.RP.1 
Concept 
introduction. 
May use 
language. 
 
EU #2 
 
 

Look at the picture below?  Can you see 3/5?  What is the unit? 

         

Can you see 2/3?  What is the unit?  Can you see 5/3?   

         

What is the unit? Can you see 2/3 of 3/5?  What is the unit? 

 

 

2002 NCTM Yearbook, pp. 103 – 104) 

         

Cookie Task 
 
6.RP.1 
Concept. 
May use 
language. 
 
EU #1 
EU #2 
 
 
 

Look at the number of cookies that Marcus has and the number of cookies that Nadia has. 
 
 
 
 
 
 
 
 
 
 Marcus’ cookies     Nadia’s cookies 
 
1. How many times would you have to stack up Marcus’ cookies to get a pile as high as Nadia’s 

cookies? 

2. What fraction of a dozen cookies does Nadia have? 

3. There are 6 cookies in a package of cookies.  What part of a package of cookies does Marcus 
have?  Nadia have? 

Keeping the Problem Situation the Same, Varying the Types of Questions 

Adapted from Lamon, 1999 
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String Bean and Slim 
 
6.RP.1  Concept. 
 
6.RP.3  
a or b., 
May use unit rate. 
EU #1 
EU #2 
EU #3 
EU #4 
 
 

Jo has two snakes, String Bean and Slim.  Right now, String Bean is 3 feet long and Slim is 10 
feet long.  Jo knows that two years from now, String Bean will be about 8 feet long, while Slim’s 
length will be about 15 feet.   
 
Over the next two years, will both snakes grow the same amount?  Explain and justify your 
response. 

          
 
 

 

                      
 

 
Arthur thinks each snake grew the same amount.  Chenda agrees, but says she is thinking about 
the growth of the snakes in another way.  In what other ways can we think about the growth of 
the snakes? 

 
Adapted from Lamon, J., (2008).  Teaching fractions and ratios for understanding, 

pp.30-31.  NY:  Routledge. 

Towns 
6.RP.1  Concept. 
 
6.RP.3  
a or b., 
May use unit rate. 
 
EU #1 
EU #2 
EU #3 
EU #4 
 
 

In 1980 the populations of Towns A and B were 5000 and 6000, respectively.  In 1990, the 
populations of Towns A and B were 8000 and 9000, respectively.  Brian claims that from 1980 to 
1990 the two towns’ populations grew by the same amount.  Use mathematics to explain how 
Brian might have justified his answer.  Darlene claims that from 1980 to 1990 the population of 
Town A had grown more.  Use mathematics to explain how Darlene might have justified her 
answer. 
 

(released NAEP item #M069601) 

  
 

 

 

 

String Bean 3’ Slim 10’ Now … 

2 years from now  … 

String Bean 8’ Slim 15’ 
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6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities. 
For example, “The ratio of wings to beaks in the bird house at the zoo was 2:1, because for every 2 wings there 
was 1 beak.” “For every vote candidate A received, candidate C received nearly three votes.” 

6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the 
context of a ratio relationship.  For example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so 
there is 3/4 cup of flour for each cup of sugar.”  “We paid $75 for 15 hamburgers, which is a rate of $5 per 
hamburger.” 

6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, i.e., by reasoning about tables of 
equivalent ratios, tape diagrams, double number line diagrams, or equations. 
a.  Make tables of equivalent ratios relating quantities with whole number measurements, find missing values 

in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare ratios. 
b. Solve unit rate problems including those involving unit pricing and constant speed. For example, if it took 7 

hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate were 
lawns being mowed? 

c. Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); 
solve problems involving finding the whole, given a part and the percent. 

d. Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when 
multiplying or dividing quantities. 

Essential Understandings of Ratios, Proportions & Proportional Reasoning (NCTM) 
1. Reasoning with ratios involves attending to and coordinating two quantities. 
2. A ratio is a multiplicative comparison of two quantities, or it is a joining of two quantities in a composed unit. 
3. Forming a ratio as a measure of a real-world attribute involves isolating that attribute from other attributes and 

understanding the effect of changing each quantity on the attribute of interest. 
4. A number of mathematical connections link ratios and fractions: 

a. Ratios are often expressed in fraction notation, although ratios and fractions do not have identical meaning. 
b. Ratios are often used to make “part-part” comparisons, but fractions are not. 
c. Ratios and fractions can be thought of as overlapping sets. 
d. Ratios can often be meaningfully reinterpreted as fractions. 

5. Ratios can be meaningfully reinterpreted as quotients. 
6. A proportion is a relationship of equality between two ratios. In a proportion, the ratio of two quantities remains 

constant as the corresponding values of the quantities change. 
7. Proportional reasoning is complex and involves understanding that: 

a. Equivalent ratios can be created by iterating and/or partitioning a composed unit; 
b. If one quantity in a ratio is multiplied or divided by a particular factor, then the other quantity must be multiplied 

or divided by the same factor to maintain the proportional relationship; and 
c. The two types of ratios – composed units and multiplicative comparisons – are related. 

8. A rate is a set of infinitely many equivalent ratios. 
9. Several ways of reasoning, all grounded in sense making, can be generalized into algorithms for solving proportion 

problems. 
10. Superficial cues present in the context of a problem do not provide sufficient evidence of proportional relationships 

between quantities. 
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Caterpillars 
and 
Leaves 
 
6.RP.1  
Concept. 
6.RP.2  
May be 
used for 
unit rate. 
6.RP.3  
a or b.  
May use 
unit rate.   
EU #1  

 
 

A fourth-grade class needs 5 leaves each day to feed its 2 caterpillars.   

How many leaves would they need each day for 12 caterpillars? 
Dripping 
Faucet 
6.RP.1  
Concept, 
Language 
6.RP.2 
6.RP.3  
a or b, d 
May use 
unit rate 
EU #1, 2, 
3, 4, 5, 8 

A large bucket is used to collect water.  Suppose that 4 ounces of water drip into the bucket every 2 
minutes.  How full will the bucket be at 4 minutes?  10 minutes?  One hour?  

Suppose that 2 ounces of water drip every 5 minutes.  How full will the bucket be at 4 minutes?  10 
minutes?  One hour?  

 

Worms 
Task 
6.RP.1 
Concept, 
Language. 
 
6.RP.3  
a or b. 
May use 
unit rate. 
EU #2, 5, 
6, 8 

Use number lines to answer the following question:  Andy Worm travels 6 cm every 4 minutes.  Betty 
Worm travels 15 cm every 10 minutes.  Are Andy and Betty traveling at the same rate?  If not, who is 
traveling “faster”?  Explain how you know! 

 

Lemonade 
Mix 
6.RP.1 
Concept. 
May use 
language. 
 
6.RP.3  
a or b, d. 
May use 
unit rate. 
EU #1, 2, 
3, 6, 7, 8 

Solve this problem in at least three different ways:  To make one glass of lemonade, use 3 tablespoons of 
lemonade mix and 6 oz. of water.  How much lemonade mix do you need to make 2 quarts of lemonade? 
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6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities. 
For example, “The ratio of wings to beaks in the bird house at the zoo was 2:1, because for every 2 wings there 
was 1 beak.”  “For every vote candidate A received, candidate C received nearly three votes.” 

6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the 
context of a ratio relationship.  For example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so 
there is 3/4 cup of flour for each cup of sugar.”  “We paid $75 for 15 hamburgers, which is a rate of $5 per 
hamburger.” 

6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, i.e., by reasoning about tables of 
equivalent ratios, tape diagrams, double number line diagrams, or equations. 
a.  Make tables of equivalent ratios relating quantities with whole number measurements, find missing values 

in the tables, and plot the pairs of values on the coordinate plane. Use tables to compare ratios. 
b. Solve unit rate problems including those involving unit pricing and constant speed. For example, if it took 7 

hours to mow 4 lawns, then at that rate, how many lawns could be mowed in 35 hours? At what rate were 
lawns being mowed? 

c. Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); 
solve problems involving finding the whole, given a part and the percent. 

d. Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when 
multiplying or dividing quantities. 

Essential Understandings of Ratios, Proportions & Proportional Reasoning (NCTM) 
1. Reasoning with ratios involves attending to and coordinating two quantities. 
2. A ratio is a multiplicative comparison of two quantities, or it is a joining of two quantities in a composed unit. 
3. Forming a ratio as a measure of a real-world attribute involves isolating that attribute from other attributes and 

understanding the effect of changing each quantity on the attribute of interest. 
4. A number of mathematical connections link ratios and fractions: 

a. Ratios are often expressed in fraction notation, although ratios and fractions do not have identical meaning. 
b. Ratios are often used to make “part-part” comparisons, but fractions are not. 
c. Ratios and fractions can be thought of as overlapping sets. 
d. Ratios can often be meaningfully reinterpreted as fractions. 

5. Ratios can be meaningfully reinterpreted as quotients. 
6. A proportion is a relationship of equality between two ratios. In a proportion, the ratio of two quantities remains 

constant as the corresponding values of the quantities change. 
7. Proportional reasoning is complex and involves understanding that: 

a. Equivalent ratios can be created by iterating and/or partitioning a composed unit; 
b. If one quantity in a ratio is multiplied or divided by a particular factor, then the other quantity must be multiplied 

or divided by the same factor to maintain the proportional relationship; and 
c. The two types of ratios – composed units and multiplicative comparisons – are related. 

8. A rate is a set of infinitely many equivalent ratios. 
9. Several ways of reasoning, all grounded in sense making, can be generalized into algorithms for solving proportion 

problems. 
10. Superficial cues present in the context of a problem do not provide sufficient evidence of proportional relationships 

between quantities. 
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Distance 
Tasks 
6.RP.1  
Concept, 
Rate, 
Language. 
6.RP.2 and  
6.RP.3  
a or b. 
May use 
unit rate. 
EU #3, 4c, 
d, 7, 8, 9 

Suppose a rabbit starts from home and, after 3 seconds, it is 12 cm from home.  Generate several 
“distance from home” and elapsed time values for other parts of the rabbit’s journey so that the rabbit 
travels the same speed throughout its journey.  Describe several different patterns that you see in the 
table.  Write a rule or description that tells us how far from home the rabbit is for any number of 
seconds he travels. 

An automobile is traveling so that at the end of 5 hours it has gone 294 miles. Generate several 
“distance from home” and elapsed time values for other parts of the journey so that the automobile 
travels the same speed throughout its journey.  Write a rule or description that tells us how far the 
automobile travels for any number of seconds it is on the road. An

 airplane will go 480 miles in 2 hours.  Generate several “distance from home” and elapsed time 
values for other parts of the journey so that the airplane travels the same speed throughout its journey.  
Write a rule or description that tells us how far the airplane travels for any number of seconds it is in 
the air. 

Mixing  
Paint  
 
Tasks 
6.RP.1  
Concept, 
Language. 
 
6.RP.3  
a or b. 
May use 
unit rate. 
 
EU #4c, d, 
6, 7, 8, 9 

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make green paint.  He wants to make 
45 liters of green paint.  He began to make a table to help him think about the problem, but is unsure of 
what to do next. 
 
 
 
 
 
 
 
 
 
 
a.) Explain how to continue to add values to the table. 
b.) Write an explanation to Mark about how he can use his table to find how many liters of blue paint 

and how many liters of yellow paint will he need to make 45 liters of green paint. 
 

Liters of 
Blue Paint 

Liters of 
Yellow Paint 

Liters of 
Green Paint 

2 3 5 
4 6 10 
   
   
   
   

 
Wheat Flour 
6.RP.1  
Concept. 
May use 
language. 
6.RP.2 and  
6.RP.3  
a or b, d. 
May use 
unit rate. 
 
EU #4c, d, 
5, 6, 7, 8, 9 
 

Melissa bought 0.43 of a pound of wheat flour for which she paid $0.86.  How many pounds of flour 
could she buy for one dollar? 

(based on Post et al., 1991) 
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STRING BEAN AND SLIM TASK 
LESSON GUIDE 

 
LESSON OVERVIEW: 
The String Bean and Slim Task asks students to determine whether or not two snakes grow the same amount.  Students will have an opportunity to 
compare strategies that analyze the information using absolute differences (e.g., 5 feet) vs. relative differences (e.g., 5 feet relative to 8 feet vs. 5 feet 
relative to 15 feet).  In addition, the open-ended nature of the task will allow students to utilize a variety of strategies and representations to help them 
make sense of these relative differences.  A whole-class Share, Discuss and Analyze Phase provides an opportunity for these strategies to be 
highlighted, analyzed, and connections among strategies to be made.   Students will recognize that determining relative differences allows them to 
coordinate two quantities within the context at the same time.   
This task highlights the difference between additive change and multiplicative change (or absolute growth vs. relative growth).  From an additive 
perspective, since 5 feet is added to the length of both snakes (absolute growth which is independent of, and unrelated to, anything else), the snakes 
will grow the same amount.  However, from a comparative or relative perspective, the snakes will not grow the same amount.  Several types of ratios 
can be formed in order to reason about the growth of each snake relative to its original or final length and compare their growth.   
The task is appropriate for several grade levels; however the possible solutions described in the Lesson Guide may not be constructed at all grade 
levels. 
COMMON CORE STATE STANDARDS: 
•  6.RP.1  Understand the concept of a ratio and use ratio language to describe a ratio relationship between two quantities. 
•  6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape 

diagrams, double number line diagrams, or equations.    
c) Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity). 

•  7.RP.3  Use proportional relationships to solve multistep ratio and percent problems.  Example: percent increase. 
DRIVING QUESTION:  
•  What information does 

comparing by ratio give us that 
comparing by subtraction does 
not (absolute difference versus 
relative difference)? 

NCTM ESSENTIAL UNDERSTANDINGS1:  
1. Reasoning with ratios involves attending to and coordinating two 

quantities. 
2. A ratio is a multiplicative comparison of two quantities, or it is a 

joining of two quantities in a composed unit. 
3. Ratios can be meaningfully reinterpreted as quotients. 
7. Proportional reasoning is complex and involves understanding that: 

if one quantity in a ratio is multiplied or divided by a particular factor, 
then the other quantity must be multiplied or divided by the same 
factor to maintain the proportional relationship.  

SKILLS DEVELOPED: 
Students will be able to interpret the 
meaning of different types of ratios 
that can be formed given a particular 
situation and use the ratios to make 
comparisons and reason about the 
situation. 

MATERIALS:     
String Bean and Slim task sheet, calculators. 
Either a document reader, overhead transparencies, or chart paper. 

GROUPING:   
Students will begin their work individually, but will then work in pairs, trios, 
or groups of four to discuss the task and arrive at a common solution. 

 

                                                
1 NCTM (2010)  Developing Essential Understandings of Ratios, Proportions & Proportional Reasoning:  Grades 6 - 8. 
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SET-UP 

Instructions to Students:   

Ask a student to read the task while others follow along.  Ask students: “What do we know?”  “What do we want to find out?”  Tell students that there are 
many ways to reason about the question.  

Remind students that they will be expected to:  justify their solutions; explain their thinking and reasoning to others; make sense of other students’ 
explanations; ask questions of the teacher or other students when they do not understand; and use correct mathematical language and symbols. 

EXPLORE PHASE:  Supporting Students’ Exploration of the Mathematical Ideas 

Private Think Time:  Allow students to work individually for 3 – 5 minutes without intervening, though you might want to circulate quickly to get an idea 
of the strategies that they are using. 
Small-Group Work:  After 3 – 5 minutes, ask students to work with their partner or in their small groups.  As students are working, circulate around the 
room.  Be persistent in: 
•  asking questions related to the mathematical ideas, problem-solving strategies, and connections between representations. 
•  asking students to explain their thinking and reasoning. 
•  asking students to explain in their own words, and build onto, what other students have said.  
As you circulate, identify solution paths that you will have groups share during the Share, Discuss, Analyze Phase, and decide on the sequence that you 
would like for them to be shared.  Give groups a “heads up” that you will be asking them to come to the front of the room.  If a document reader is not 
available, give selected groups an OVH transparency or chart paper to write their solution on. 

Possible Solution Paths Possible Assessing and Advancing Questions 

If a group is unable to start: 
Press students to consider whether the original lengths, or final lengths, also 
matter.   
1. They both grew the same amount because they both grew five feet.  

Assessing Question 
•  Tell me about your work.  Explain your thinking. 

Advancing Questions 
•  Can you think about other ways to look at their growth, 

as Chenda did?  What are some strategies for 
examining problems that we have used in the past? 

•  Can you draw a picture to help you think of other ways 
like Chenda did? 

Informal comparisons of the growth to the initial or final lengths 
looking at the numbers or by a drawing or diagram. 

 

 

 

 

String Bean and Slim both grew 5 feet but 5 feet is a bigger part of String 
Bean’s length (3) than Slim’s length (10) so String Bean grew more 

String Bean 
 

3” 5”        
                

                
Slim 
 

10” 5” 
                

Assessing Questions 
•  Tell me about your work. 
•  What does it tell you when you compare 5 feet with 8 

feet; and 5 feet with 15 feet? 
•  How are you comparing 5 feet with 8 feet; and 5 feet 

with 15 feet? 
Advancing Questions 
•  What do you mean when you say that 5 feet is a bigger 

part of 8 feet than 15 feet?  How do you know that it’s a 
bigger part?  Be prepared to show me how you made 
your decisions. 

•  Can you finish your statement?  You said, “String Bean 
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compared to her original length. 
 

and Slim both grew 5 feet, but 5 feet is a bigger part of 
String Bean’s length (8) than Slim’s length (15) so String 
Bean grew more.”  Say more, BECAUSE…..can you be 
prepared to share your reasoning? 

Using ratios to compare amount of growth to the initial or final growths, and 
comparing them numerically, either as ratios or percents.  There are three 
different ratios that can be formed: 

 

•  String Bean grew 5 feet which was 5/3 of her initial 
length; Slim grew 5/10 of his initial length.  String 
Bean’s growth relative to starting length is greater 
than Slim’s.  

 

•  String Bean grew 5 feet which was 5/8 of her final 
length, Slim grew 5 feet which was 5/15 of his final 
length. String Bean’s growth relative to her final 
length was greater than Slim’s, so String Bean 
grew more. 

 

•  String Bean was only 3/8 of her final length at the 
beginning but Slim was already 10/15 of his final 
length.  So, String Bean had to grow more in the 2 
years to reach 100%.   

Assessing Questions 
•  Tell me about your work.  Explain your thinking. 
•  What are the quantities you are using to form your ratio?  

How does that help you think about which snake grew 
more? 

•  How do you know that 5/3 (or 5/8) is bigger than 5/10 (or 
5/15)?  (One possible answer:  there are the same 
number of parts but the parts are larger.) 

•  What do you mean, “She grew a bigger amount of her 
size?”  Why does her original size make a difference? 

Advancing Questions 
•  It looks like you are comparing her growth to her original 

size (growth to final size, original size to final size).  You 
are looking at her ‘relative’ growth.  Would your 
response change if you compared another relative 
growth, her growth to her final size (original size to final 
size, growth to original size)?  Why or why not? 

Analyzing the problem in terms of factor of change – similar to the previous 
solution, but looking at the ratio as an operator: 
•  String Bean’s length increased 166 2/3%, while Slim’s length increased 

only 50%.   

Assessing Questions 
•  Tell me about your work.  Explain your thinking. 
•  What are the quantities you are using to form your 

percent?  How does that help you think about growth of 
the snakes? 

•  Why does the snakes’ original size make a difference? 

Advancing Questions 
•  It looks like you are comparing the growth of a snake to 

the original size (growth to final size, original size to final 
size).  You are looking at ‘relative’ growth.  Would your 
response change if you compared another relative 
growth, growth to final size (original size to final size, 
growth to original size)?  Why or why not? 

•  So, if String Bean had started out at 8 feet, and grew at 
this rate, your 166 2/3%, how long would she be in 2 
years?  How long would Slim be if he started out at 16 
feet and grew at this rate?  
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Possible Errors and Misconceptions Possible Questions to Address Errors and Misconceptions 

Comparing numbers without attending to their meaning, thus not knowing how 
to interpret the result, e.g., 3/8 or 37.5% is smaller than 10/15 or 66 2/3%.  So, 
Slim grew more.   

Assessing Questions 
•  Explain what you have done. 
•  What do the numbers mean in the context? 
•  What does 3/8 tell us in terms of the context?  What 

does 10/15 tell us in terms of the context?  (If necessary: 
What does the 3 mean?  The 8?) 

Advancing Questions 
• What is the relationship between the context and the 

numbers you wrote?  Between the lengths of the snakes 
and the numbers you wrote? 

•  What does it mean, in terms of the problem, for 3/8 to be 
smaller than 10/15? 

•  You say 37.5% (or 66 2/3%) – what is the whole?  What 
is the part?  What does the percent mean in terms of the 
problem? 

SHARE DISCUSS ANALYZE PHASE:  Deepening and Connecting Mathematical Understanding 

General Considerations: 
• Orchestrate the class discussion so that it builds on, extends, and connects the thinking and reasoning of students 
• Sequence the solution paths so that you will be able to press students to make comparisons and connections across, and between, the various 

solution paths. 

Possible Sequence of Solution Paths Possible Questions and Possible Student Responses 

Have a group share an explanation or diagram that 
compares the amount of growth to either the initial, or 
final, length. 
 

 
•  String Bean and Slim both grew 5 feet but 5 feet is a 

bigger part of String Bean’s length (3) than Slim’s length 
(10) so String Bean grew more. 

String Bean 
 

3” 5”        
                

                
Slim 
 

10” 5” 
                

Explain your group’s solution. 
•  We saw that they both grew 5 feet, but we thought that String Bean grew 

in a different way from Slim because she grew more of her length than 
Slim did.  She started out 3 feet and grew to almost three times her whole 
length, but Slim just grew half of his length. 

How is this solution strategy different than Arthur’s? 
•  We thought it was important to compare how much they grew to how long 

they were in the beginning, but Arthur just looked at how long they grew. 
OK, this is a kind of ‘relative change’ (writing on chart paper) when we 
compare the change in something to, in this case, its original size.  Since we 
are talking about the growth of the snakes, it is the relative growth.  How does 
it change things when we look at where they started? 
•  It’s like, if I had $5 dollars and then I had $10 I would have twice as much, 

but if I had $1000 and then I had $1005, I would hardly notice the 
difference.  So, how much you start with makes a difference in how much 
of a difference the change makes. 
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How did the diagram help you think about it? 
•  The diagram helped us to show how even though the 5-foot lengths were 

the same, you can see that String Bean got more than twice as long, but 
Slim didn’t. 

Have a group share a strategy that uses mathematical 
processes to compare the amount of growth with either 
the beginning or ending length.  If both comparisons were 
made, it would be important to discuss them both. 
 
 
 
 
 

How did your group solve the problem?  
•  We saw that String Bean grew 5 feet, but she started at 3 feet, so she 

grew 5/8 of her original length.  Slim grew 5/15 of his original length.  We 
know that 5/8 is bigger than 5/15, so we know String Bean grew more.  

How does this method compare to the solution we just saw?   
•  It’s almost the same because we were comparing how much they grew 

with how long they were to start with, but we used ratios and then 
compared the ratios.  

So, you also looked at relative change.  I saw a group that also used ratios.  
They made the ratios 3/8 (37.5%) and 10/15 (66 2/3%) and then said that 3/8 
was less.  So, they said that Slim grew more.  Do you agree or disagree?   
•  I see what they did, but I disagree.  They compared their “now” length 

with their “then” length.  So now, Slim is a bigger ratio of his “then” length 
than String Bean is.  So, he grew less ‘cause he started more. 

I’m not convinced.  Could a diagram help you to convince me that this is 
wrong? 
•  Let me try.  Slim started at 10 feet and ended at 15 feet so, if we compare 

the start to the end, String Bean starts at a smaller part than Slim.  See 
here, String Bean starts out at about a half of where she ends up, but 
Slim starts out at way over half.  So, String Bean’s ratio is smaller, 
because she grows more. 

  
3 feet             
               

String  
Bean 8 feet        
                

 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

                
10 feet      
               Slim 
15 feet 

Have a group that thought of the ratio as percent increase 
share their solution. 
 

How did your group solve the problem? 
•  We did the same thing as the other group but we turned our ratios into 

percents.  We saw that String Bean grew 166 2/3% of her length while 
Slim only grew 50%.  So, String Bean grew more. 

How does thinking of percent increase help us to reason about the problem? 
•  Percent increase lets us think about how the amount they grew compared 

to the whole for both of them, even though the wholes are different.  So, 
we can just compare the percents, without having to think about how the 
fractions compare.  The percent does that for us. 
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If String Bean’s growth is proportional to Slim’s, how much will String Bean grow in 
2 years?”   
•  String Bean would grow 50% of 3 or 1.5 feet, so she’d only be 4.5 feet long. 

Or, if Slim’s growth is proportional to String Bean’s how much will Slim grow in 2 
years?  
•  Slim would grow 166 2/3% of 10 or 16 2/3 feet, so Slim would be 26 2/3 feet 

long.  This makes it easy to see that String Bean grew more than Slim. 

Compare the four possible ratios.  Different groups used different ratio comparisons – 5/3 vs 5/10; 5/8 vs 3/15; 
and 3/8 vs 10/15.  How can you decide what each comparison tells you? 
•  You have to always think about what the numbers mean.  That helps you. 

Sometimes we saw that the biggest ratio went with the most growth, and 
sometimes the smallest ratio went with the most growth.  How can this be? 
•  It all depends on what you’re comparing.  Since 5 was the amount they 

grew, when we compared the 5 with the original or final length, the 
biggest ratio was the biggest growth.  But when you compared their 
original length to their final length, it was different.  The closer the original 
was to the final length, the less they grew, so it is opposite. 

Ask students to consider the difference between additive 
reasoning and multiplicative reasoning. 

So, what do you think?  Was Chenda right when she said there are other 
ways to think about how the snakes have grown? 
•  Yes.  Even though they both grew 5 feet, so they grew the same amount, 

it tells you a lot more when you compare how much they grew to how 
much they started out.  String Bean more than doubled while Slim just 
changed a little bit of his whole length (say, if Slim had started out at 20 
feet).  So, it matters.   

 
 
 
 
CLOSURE 

Quick Write: 
•  When something is changing, or growing larger, what information can we get from forming a ratio to describe the change? 

Possible Assessment: 
•  Provide some additional contexts where they need to compare quantities.  Ask them to explain their thinking in writing. 

Homework: 
•  Find items from the current curriculum that will allow them to apply these ideas and understandings. 
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TOWNS TASK 
SIXTH GRADE LESSON GUIDE 

 

LESSON OVERVIEW: 

The Towns task asks students to compare strategies that analyze the information using absolute differences (e.g., a growth of 
3000 people) vs. relative differences (e.g., 5000 people relative to 8000 people vs. 6000 to relative to 9000 people).  In 
addition, the open-ended nature of the task will allow students to utilize a variety of strategies and representations to help them 
make sense of relative differences.  A whole-class Share, Discuss and Analyze Phase provides an opportunity for these 
strategies to be highlighted, and a comparison between additive and relative approaches to be made.  Building on what they 
learned from the String Bean and Slim Task, students will recognize that although an additive approach is one way to analyze 
the situation, determining relative differences allows them to coordinate two quantities within the context at the same time. 
This task highlights the difference between additive change and multiplicative change (or absolute growth vs. relative growth).  
From an additive perspective, since 3000 people is added to the population of both towns (absolute growth which is 
independent of, and unrelated to, anything else), the towns will grow the same amount.  However, from a comparative or 
relative perspective, the populations will grow the same amount.  Several types of ratios can be formed in order to reason 
about the growth of each population relative to their initial or final population compare to their growth. 
The task is appropriate for several grade levels; however the possible solutions described in the Lesson Guide may not be 
constructed at all grade levels. 

COMMON CORE STATE STANDARDS: 

•  6.RP.1  Understand the concept of a ratio and use ratio language to describe a ratio relationship between two quantities. 
•  6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the context of a ratio relationship. 
•  6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape 

diagrams, double number line diagrams, or equations. 
a. Make tables of equivalent ratios relating quantities with whole number measurements, find missing values in the tables, and plot the 

pairs of values on the coordinate plane.  Use tables to compare ratios. 

b. Solve unit rate problems including those involving unit pricing and constant speed.  For example, if it took 7 hours to mow 4 lawns, then 
at that rate, how many lawns could be mowed in 35 hours?  At what rate were lawns being mowed? 

c. Find a percent of a quantity as a rate per 100 (e.g., 30% of a quantity means 30/100 times the quantity); solve problems involving 
finding the whole, given a part and the percent. 

d. Use ratio reasoning to convert measurement units to manipulate and transform units appropriately when multiplying or dividing 
quantities. 
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DRIVING QUESTION:  

• What information does 
comparing by ratio give us 
that comparing by 
subtraction does not 
(absolute difference between 
versus relative difference)? 

 
 

NCTM ESSENTIAL UNDERSTANDINGS1:  
1. Reasoning with ratios involves attending to and coordinating two 

quantities. 
2. A ratio is a multiplicative comparison of two quantities, or it is joining 

of two quantities in a composed unit. 
3. Ratios can be meaningfully reinterpreted as quotients. 
4. Proportional reasoning is complex and involves understanding that: 

if one quantity in a ratio is multiplied or divided by a particular factor, 
then the other quantity must be multiplied or divided by the same 
factor to maintain the proportional relationship. 

SKILLS DEVELOPED: 
Students will be able to interpret the 
meaning of different types of ratios that can 
be formed given a particular situation and 
use the ratios to make comparisons and 
reason about the situation.  

MATERIALS:     
The Towns task sheet, calculators, either a document reader, overhead 
transparencies, or chart paper and markers 
 

GROUPING:   
Students will begin their work individually, but will then work in pairs, trios, or 
groups of four to discuss the task and arrive at a common solution. 

 
LALAINA 

SET-UP 

Instructions to Students:   
 
Ask a student to read the task while others follow along.  Ask students:  “What do we know?” “What do we want to find out?”  Tell students that there are many 
ways to reason about the question. 
 
Remind students that they will be expected to: justify their solutions; explain their thinking and reasoning to others; make sense of other students’ 
explanations; ask questions of the teacher or other students when they do not understand; and use correct mathematical language and symbols. 
 

EXPLORE PHASE:  Supporting Students’ Exploration of the Mathematical Ideas 

Private Think Time:  Allow students to work individually for 3-5 minutes without intervening, though you might want to circulate quickly to get an idea of the 
strategies that they are using. 
Small-Group Work:  After 3-5 minutes, ask students to work with their partner or in their small groups.  As students are working, circulate around the room.  
Be persistent in: 
•  asking questions related to the mathematical ideas, problem-solving strategies, and connections between representations. 
•  asking students to explain their thinking and reasoning. 
•  asking students to explain in their own words, and build onto, what other students have said.  

                                                
1 NCTM (2010)  Developing Essential Understandings of Ratios, Proportions & Proportional Reasoning:  Grades 6 -8. 
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As you circulate, identify solution paths that you will have groups share during the Share, Discuss, Analyze Phase, and decide on the sequence that you would 
like for them to be shared.  Give groups a “heads up” that you will be asking them to come to the front of the room.  If a document reader is not available, give 
selected groups an OVH transparency or chart paper to write their solution. 

Possible Solution Paths Possible Assessing and Advancing Questions 

If a group is unable to start: 
TOWN A – POPULATION CHART 

 
Town A population in 1980 – 5,000   

 
Town A population in 1990 -  8,000 
 
 
 
TOWN B – POPULATION CHART 
 
Town B population in 1980 – 6,000 
 
Town B population in 1990 – 9,000 
 
 
 
 
 
 

Assessing Questions 
•  What do you think that Brian was focusing on when he said 

the two towns grew the same?  
•  What do you think that Darlene was focusing on when she 

said that town A grew more? 
If students are still stuck: 
•  What was the population of people for Town A in 1980? 
•  What was the population of people for Town A in 1990? 
•  What do you notice about the amount the population grew 

compared to the original population of the town?  
 
Advancing Questions 
•  How does this task relate to other tasks we have done?  [If 

additional prodding is needed:  “When we solved the String 
Bean and Slim Task, we saw there was more than one way 
to think of growth.  Try those strategies here.  I’ll be back.”] 

Brian – possible strategy:  Additive approach using subtraction 
1980 – Town A   5,000                                     1990 Town A 8,000 
           Town B   6,000                                     1990 Town B 9,000 
 
8,000 (1990) – 5,000 (1980) = 3,000 Difference in population for Town A 
 
9,000 (1990) – 6,000 (1980) = 3000 Difference in population for Town B 
 
Same number of people in the population growth from 1980 to 1990. 

Assessing Questions 
•  What was the population change from 1980 to 1990 for 

Town A? 
•  What was the population change from 1980 to 1990 for 

Town B?  
 

 
 
Advancing Questions 
• Demonstrate your solutions using tables, charts, diagrams or 

calculations. 
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Brian – possible strategy:  Additive approach using the missing addend, and 
equations. 
 
 
 5,000 + X = 8,000 
-5,000         -5,000 
 
X = 3,000   Town A population growth of people from 1980 to 1990 
 
 6,000 + X = 9,000 
-6,000        -6,000 
 
X = 3,000 Town B population growth of people from 1980 to 1990 

 
Assessing Questions 
•  What does your equation represent in terms of the problem? 
 
 
 
Advancing Questions 
•  Which method of finding the difference would you prefer and 

why?  Support your answer. 
 

 

Darlene – possible strategy:  expressing starting population as % of final 
population 
Town A’s population growth    5/8 = .625 = Town A starts out at 62.5 % of 
its final population. 
 
Town B’s Population growth     6/9 = .66 = Town B starts out at 66% of its 
final population. 
 
To get to 100%   
Town A will grow 37.5 % and  
Town B will grow 33.33 % 
 
Therefore, Town A grows at a faster rate. 
 

Assessing Questions 
•  What do Darlene’s ratios represent in terms of the problem? 
•  When Darlene compares the ratios to 100%, what does this 

mean in terms of the problem? 
•  What do you notice about the ratio for Town A compared to 

the ratio of Town B?  What does that tell us? 
 
 
 
Advancing Questions 
•  What is Darlene actually comparing when she is determining 

the population growth? 
•  How is Darlene’s method different from Brian’s method? 

Explain your answer. 
•  Why does Darlene’s method give a different answer than 

Brian’s method?  Explain your answer. 
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Possible Errors and Misconceptions Possible Questions to Address Errors and Misconceptions 

 
The meaning of certain words might lead to misconception such as the word 
“respectively”.  Many students might have difficulty understanding that it relates 
to the populations of town A and town B. 
 
Comparing numbers without attending to their meaning, thus not knowing how to 
interpret the result. 
For example, the growth of the population of town A (62.5 %) is smaller than the 
population of town B (66%). 
 
 
 
 

Assessing Questions 
•  Explain what you have done. 
•  How did you arrive at your conclusion? 
•  Explain the meaning of the numbers in context. 
•  What does 5/8 tell us about the context? 
•  What does the 5 mean?  The 8? 

 
Advancing Questions 
•  Can you draw a diagram or number line to represent Town A 

and Town B, and how they each grew? 
•  Is there any way that your diagram/number line might show 

that Town A grew more than Town B? 
•  Can you apply that reasoning to Town A and Town B? 

SHARE DISCUSS ANALYZE PHASE:  Deepening and Connecting Mathematical Understanding 

General Considerations: 
• Orchestrate the whole-class discussion so that it builds on, extends, and connects the thinking and reasoning of students. 
• Sequence the solution paths so that you will be able to press students to make comparisons and connections across, and between, the various solution 

paths. 
• The focus of the discussion during the SDA phase should be comparing the absolute and relative approach.  
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Possible Sequence of Solution Paths Possible Questions and Possible Student Responses 

 
• Why did Brian and Darlene reach different conclusions? 
• What does Darlene’s answer tell us that Brian’s answer doesn’t tell us? 
• What are some times in everyday life when we make absolute comparisons? 
• What are some times in everyday life when we make relative comparisons? 

 
 
Town A  1980 – 5000        Town B 1980 – 6000 
              1990 – 8000                      1990 – 9000 
                         
                         3000                                 3000 
 
If you find the difference in the starting figures and the 
ending totals, you will find that they are equal.  Therefore, 
both towns grew by the same rate — 3000. 

Explain your group’s solution. 
•  We saw that in 10 years, both towns had an increase in population of 3000 

people.  This gave the impression that the population growth was the same for 
both cities.   

•  Brian’s solution supports this since the increase in population for both cities is 
equivalent.  However, Brian does not take into consideration the starting figures, 
which differ by 1000.  

•  If two towns have an increase in population that is equal, but their starting figures 
differ, can their growth rate be the same? 

 
      Town A  5000/8000 = 5/8 = .625 = 62.5% 
      Town B  6000/9000 = 6/9 = .66 = 66% 
 
      To get to 100% Town A will grow at a rate of 37.5% and 
       Town B will grow at a rate of 33.3% 
This method shows how you can use percents to compare 
growth rates. 

•  Another group compares the two totals by first creating ratios in the form of 
fractions and simplifying them to lowest terms.  The fractions are then converted 
first to decimals, and then into percents where a comparison is then made.  The 
outcome is that Town A has grown at a faster rate.   

 
This solution shows different ways that the growth rate of the cities can be 
expressed.   They chose to use percents, which shows that Town A did indeed grow 
more.   
Actually, both towns did have a growth of 3000 people, so both groups would be 
able to provide support for their answers. 

 
  Town A 5000/8000 = 5/8 
  Town B 6000/9000 = 6/9 
 
                  5/8 < 6/9 
 
Town B grew more because if you create equivalent fractions 
using a common denominator of 72, the numerator for 5/8 will 
be 45, and for 6/9 it will be 48.  Since 48 in more than 45, 
Town B has grown more.   
 

•  Another group also created ratios in the form of fractions, but left them as 
fractions and compared their values by creating equivalent fractions with the 
same denominators.  

If you compare the fractions created with ratios comparing the individual growth of the 
cities, what values are you actually comparing? 

We thought that since fractions can be compared, that we could compare the 
fractions and determine from whichever was the greater fraction, which city had the 
most growth.   

This group did not realize that the values they were comparing were not the rate of 
growth, but the actual totals of the population over the 10-year period.  
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CLOSURE 

Quick Write: 
•  Take a moment to write in your math journal and compare Brian’s and Darlene’s approaches – give similarities and differences.  
•  (Extending) explain how Darlene’s approach provides more information about the towns being compared than Brian’s approach.  

Possible Assessment: 
•  Collect student work on the problem, collect group work on the problem, collect Quick Write, review video of class share if taped. 

Homework: 
•  Assign a similar problem … 

Last year at MS345 the attendance at the school dance was 100 out of the 200 students at the school.  This year, 150 students attended the MS345 
dance. 
Last year at MS789 the attendance at the school dance was 200 students out of the 400 students at the school.  This year, 250 students attended the 
MS789 dance. 
Joelle, a student at MS345 is having an argument with her friend Samantha. Samantha attends MS789.  Joelle says her school has more school spirit 
than MS789.  What mathematical reasoning might she use to make this argument? 

 
Ask students to review notes from class since the start of the ARC of lessons.  Prepare to have one page of your notebook shared as part of a gallery walk.  
Students should be prepared to share why this page of notes is a good resource in their notebook, and what concept it helped them to better understand and 
hand out. 
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WORMS TASK 
SIXTH GRADE LESSON GUIDE 

 
 

LESSON OVERVIEW 

In the Worms task, students are required to determine whether two worms are traveling at the same rate.  Students have to do so by using number lines.  In 
using number lines, students are likely to try to demonstrate that both rates are equivalent; they can do so by using the number line to partition and show how 
many minutes it would take for each worm to travel 1 cm.  
This task highlights the difference between additive reasoning and multiplicative reasoning.  From an additive perspective, the rates will not be equivalent, but 
from a multiplicative perspective, the rates are equivalent.  This gives students an opportunity to discuss how rates may be equivalent even if the multiplicative 
relationship is not obvious.  Students learn that using number lines to compare rates is an effective strategy. 

COMMON CORE STATE STANDARDS: 

 6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities.  
 6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the context of a ratio relationship.  For 

example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so there is 3/4 cup of flour for each cup of sugar.”  “We paid $75 for 15 
hamburgers, which is a rate of $5 per hamburger.”  

 6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape diagrams, 
double number line diagrams, or equations.  
b. Solve unit rate problems, including those involving unit pricing and constant speed.  For example, if it took 7 hours to mow 4 lawns, then at 

that rate, how many lawns could be mowed in 35 hours?  At what rate were lawns being mowed?  

DRIVING QUESTION:  

WHAT IS A RATE AND HOW IS IT 
RELATED TO A RATIO?  HOW ARE 
RATES RELATED TO FRACTIONS?  
HOW ARE RATES RELATED TO 
DIVISION? 

 
 
 

NCTM ESSENTIAL UNDERSTANDINGS
1
:  

EU, #2, 5, 6, 8 
2. A ratio is a multiplicative comparison of two quantities, or it is a 
 joining of two quantities in a composed unit. 
5. Ratios can be meaningfully reinterpreted as quotients. 
6. A proportion is a relationship of equality between two ratios.  In 

a proportion, the ratio of 2 quantities remains constant as the 
corresponding values of the quantities change. 

8. A rate is a set of infinitely many equivalent ratios. 

SKILLS DEVELOPED: 

Students will be able to reason about 
and compare rates in double number 
line diagrams, ratio tables and using 
quotients.  

                                                 
1
 NCTM (2010)  Developing Essential Understandings of Ratios, Proportions & Proportional Reasoning:  Grades 6 -8. 
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MATERIALS:     
Worms task sheet 
Chart paper, and/or document reader 

GROUPING:   
Students will begin their work individually, then, work in pairs or groups of up to 
four to discuss the task and arrive at a common solution. 

SET-UP 

Instructions to Students:   

Ask students to read the task in their groups and to solve.  Remind students that they may solve the task in many different ways, but they must show their 
final answer by using double number lines. 

Remind students that they will be expected to justify their solution; explain their thinking and reasoning to others; make sense of other students’ explanations; 
ask questions of the teacher or other students when they don’t understand; and use correct mathematical language and symbols. 

EXPLORE PHASE:  Supporting Students’ Exploration of the Mathematical Ideas 

Private Think Time:  Allow students to work individually for 3-5 minutes without intervening, though you might want to circulate quickly to get an idea of the 
strategies that they are using. 
Small-Group Work:  After 3-5 minutes, ask students to work with their partner or in their small groups.  As students are working, circulate around the room.  
Be persistent in: 

 asking questions related to the mathematical ideas, problem-solving strategies, and connections between representations 
 asking students to explain their thinking and reasoning 
 asking students to explain in their own words, and build onto, what other students have said 

As you circulate, identify solution paths that you will have groups share during the Share, Discuss, Analyze Phase, and decide on the sequence that you 
would like for them to be shared.  Give groups a “heads up” that you will be asking them to come to the front of the room.  If a document reader is not 
available, give selected groups an OVH transparency or chart paper to write their solution on. 
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Possible Solution Paths Possible Assessing and Advancing Questions 

Andy  

Betty  
 

 
 

Assessing Questions 

 Tell me how you created your diagram.   
 What are you comparing in this situation?  

 What are the number pairs you are working with?  

 Why do the number pairs change for Andy Worm?  
 
 
Advancing Question  
 If Betty worm went 20 cm in 10 minutes, how would that 

change your strategy?  
 

86



© 2011 University of Pittsburgh       

 

Possible Solution Paths Possible Assessing and Advancing Questions 

Andy 

 
Betty 

 

Assessing Questions 

 Tell me about your strategy.  
 Where does the 1.5 cm come from?  

 How does this help you answer the question?  

 What is the rate each worm is traveling?  
 
 
Advancing Questions 

 What would you change to make one of the worms move 
faster?  

 Is that the only change you could make in order for that 
worm to go faster than the other?  

 
 

Andy 
cm 6 12 28 24 30 36 
minutes 4   8 12 16 20 24 

 
Betty 

cm 15 30 45 60 
minutes 10 20 30 40 

 
 

Assessing Questions 

 Tell me how you created your tables.  
 What do your tables tell you about the situation?  

 How did you decide to stop writing number pairs?  

 How do your tables help you answer the question?  
 
 
Advancing Questions 

 How could you use your tables to find the distance each 
of the worms could travel in 1 minute?  

 In how many different ways can you describe the rate 
each worm is traveling?  
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Possible Solution Paths Possible Assessing and Advancing Questions 

5. unit rate (by division) 
Andy 

6cm

4min
=

3cm

2min
=

1.5cm

1min
 

 
Betty Worm 
15cm

10min
=

1.5cm

1min
 

Assessing Questions 

 Tell me how you created your ratios.  
 Are your ratios equivalent?  How do you know?  

 What is the rate each worm is traveling?  
 
 
Advancing Questions 

 In how many different ways can you describe the rate 
each worm is traveling?  

 Would you say these ratios are fractions?  Why or why 
not?  

Possible Errors and Misconceptions Possible Questions to Address Errors and Misconceptions 

Possible misconceptions: 
1. Adding as a pattern, looking at the difference between the times.  

 
2. Go from 6/4 to 12/8 and then they would want to go to 10 minutes.  I will 

have 2 more to the top to get to 14 for Andy.   
 

min10
14

min8
12

min4
6 cmcmcm   

 

as opposed to  

 

min10

18

min8

12

min4

6 cmcmcm   
 
 

Assessing Questions 

 What reason would you give for using a table? 
 What trend/pattern did you use in your table? 
 Why is it possible to use a trend in a table? 
 Does your table maintain the same trends/patterns? 
 How would you know if a ratio did not belong in your 

table? 
 
Advancing Questions 

 How can we be sure that our table has remained 
consistent throughout?  

 Why is it important for your table to be consistent?  

 How can we determine if each ratio pair is equivalent?  
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SHARE DISCUSS ANALYZE PHASE:  Deepening and Connecting Mathematical Understanding 

General Considerations: 

 Orchestrate the class discussion so that it builds on, extends, and connects the thinking and reasoning of students. 
 Sequence the solution paths so that you will be able to press students to make comparisons and connections across, and between, the various solution 

paths. 

Possible Sequence of Solution Paths Possible Questions and Possible Student Responses 

1. double line (jumps) 

Andy

 
Betty 
 

 
 

Explain your group’s solution. 
 
 How would you describe the representation this group used?  

 How would you describe the strategy this group used?  
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2. double line (scaling) 

Andy 

 
Betty 

 

 How is this strategy the same and how is it different than the last 
solution we saw?  

 How would you describe the rate at which each worm was 
traveling?  How do you know?  

 What would you change to make one of the worms move faster?  
 

3. ratio table 

Andy 

cm 6 12 28 24 30 36 
minutes 4 8 12 16 20 24 

 
Betty 
cm 15 30 45 60 
minutes 10 20 30 40 

 

  
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4. proportion 
 

  

5. unit rate (by division) 

Andy 

6cm

4min
=

3cm

2min
=

1.5cm

1min
 

 
Betty  

15cm

10min
=

1.5cm

1min
 

  

 

CLOSURE 

Quick Write: 

 What does it mean when two objects are traveling at the same rate?  

Possible Assessment: 

 Provide additional contexts where students need to compare rates using double number lines.  Ask them to explain their reasoning in writing. 

Homework: 

 Find items from the current curriculum that will allow students to apply the same ideas and understandings. 
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Worms Task 

 

 

Use number lines to answer the following question: Andy Worm 

travels 6cm every 4 minutes. Betty Worm travels 15cm every 10 

minutes.  Are Andy and Betty traveling at the same rate?  If 

not, who is traveling “faster”?  Explain how you know! 
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LEMONADE MIX TASK 
SIXTH GRADE LESSON GUIDE  

 
 

LESSON OVERVIEW 

The Lemonade Mix task asks students to determine how much of a quantity is needed in order to make more of a lemonade mix.  Students will likely 
approach the task using a range of different strategies, making comparisons of tablespoons to water in order to keep the same lemonade mix.  Students 
will investigate how ratios can be formed and scaled up, forming equivalent ratios, in order to find a missing value. 

COMMON CORE STATE STANDARDS: 

 6.RP.1  Understand the concept of ratio and use ratio language to describe a ratio relationship between two quantities.  

 6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the context of a ratio relationship.  
For example, “This recipe has a ratio of 3 cups of flour to 4 cups of sugar, so there is 3/4 cup of flour for each cup of sugar.”  “We paid $75 for 
15 hamburgers, which is a rate of $5 per hamburger.”  

 6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape 
diagrams, double number line diagrams, or equations.  
a. Make tables of equivalent ratios relating quantities with whole-number measurements, find missing values in the tables, and plot the pairs 

of values on the coordinate plane.  Use tables to compare ratios. 

b. Solve unit rate problems including those involving unit pricing and constant speed.  For example, if it took 7 hours to mow 4 lawns, then at 
that rate, how many lawns could be mowed in 35 hours?  At what rate were lawns being mowed?  

d. Use ratio reasoning to convert measurement units; manipulate and transform units appropriately when multiplying or dividing quantities.  
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DRIVING QUESTIONS:  

 WHAT IS A RATE AND HOW IS IT 
RELATED TO A RATIO?   

 WHAT IS A UNIT RATE AND HOW 
CAN IT HELP US SOLVE 
PROBLEMS INVOLVING 
RATIOS?  

 
 
 
 

NCTM ESSENTIAL UNDERSTANDINGS
1
:  

1.   Reasoning with ratios involves attending to and coordinating two 
quantities. 

2.   A ratio is a multiplicative comparison of two quantities, or it is a 
joining of two quantities in a composed unit. 

3.   Forming a ratio as a measure of a real-world attribute involves 
isolating that attribute from other attributes and understanding the 
effect of changing each quantity on the attribute of interest. 

6.   A proportion is a relationship of equality between two ratios. In a 
proportion, the ratio of 2 quantities remains constant as the 
corresponding values of the quantities change. 

7.   Proportional reasoning is complex and involves understanding that: 
a) equivalent ratios can be created by iterating and/or partitioning 

a composed unit 
b) if one quantity in a ratio is multiplied or divided by a particular 

factor, then the other quantity must be multiplied or divided by 
the same factor to maintain the proportional relationship. 

8.   A rate is a set of infinitely many equivalent ratios. 

SKILLS DEVELOPED: 

 Students will be able to form and use 
equivalent ratios to solve problems, 
and use tables to find missing 
values. 

 
 Students will be able to find unit 

rates and use them to solve 
problems. 

MATERIALS:     
Lemonade Mix task, chart paper and/or document reader. 

GROUPING:   
Students will begin their work individually, then, work in pair or groups of up to 
four to discuss the task and arrive at a common solution. 

 

SET-UP 

Instructions to Students:   

Ask students to read the task in their groups and to solve.  Remind students that they should solve the task in at least three different ways.  Ask the class, “How 
many ounces are in a quart?”  Have a student write the equivalence on the board:  32 ounces = 1 quart. 

Remind students that they will be expected to justify their solutions; explain their thinking and reasoning to others; make sense of other students’ explanations; 
ask questions of the teacher or other students when they don’t understand; and use correct mathematical language and symbols. 

                                                 
1
 NCTM (2010)  Developing Essential Understandings of Ratios, Proportions & Proportional Reasoning:  Grades 6 -8. 
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EXPLORE PHASE:  Supporting Students’ Exploration of the Mathematical Ideas 

Private Think Time:  Allow students to work individually for 3-5 minutes without intervening, though you might want to circulate quickly to get an idea of the 
strategies that they are using. 
Small-Group Work:  After 3-5 minutes, ask students to work with their partner or in their small groups.  As students are working, circulate around the room.  Be 
persistent in: 

 asking questions related to the mathematical ideas, problem-solving strategies, and connections between representations. 

 asking students to explain their thinking and reasoning. 

 asking students to explain in their own words, and build onto, what other students have said.  
As you circulate, identify solution paths that you will have groups share during the Share, Discuss, Analyze Phase, and decide on the sequence that you would 
like for them to be shared.  Give groups a “heads up” that you will be asking them to come to the front of the room.  If a document reader is not available, give 
selected groups an OVH transparency or chart paper to write their solution on. 

Possible Solution Paths Possible Assessing and Advancing Questions 

1. Building a table of equivalent ratios: 
 

Tablespoons of 
Lemonade Mix  

Ounces of water  

3 Tablespoons    6 ounces  
6 Tablespoons  12 ounces  
12 Tablespoons  24 ounces  
18 Tablespoons  36 ounces  
24 Tablespoons  48 ounces  
30 Tablespoons 60 ounces 

???? 64 ounces 
33 tablespoons 66 ounces 

I know that you mix 3 tablespoons of lemonade mix with 6 ounces of water, so if you 
double that you have 6 tablespoons of lemonade mix with 12 ounce of water.  I then 
kept on going up by 6 tablespoons and 12 ounces of water. 

I know that there are 64 ounces in 2 quarts since there are 32 ounces in one quart.  
I’m trying to find out how many tablespoons of lemonade mix go with 64 ounces.  I get 
to 30 tablespoons and 60 ounces, and the next step in my table is 33 tablespoons 
with 66 ounces of water. 
 
I am not sure how to find out how many tablespoons of lemonade mix will go with 64 
ounces of water. 

Assessing Questions 

 Tell me what the values in your table represent. 
 How did you build your table? 
 Are these ratios equivalent?  How do you know? 
 What are you trying to find? 
 
 
Advancing Questions 

 What are some patterns that you see in the table?  Are there 
any patterns that you can use to help you figure out how many 
tablespoons of lemonade mix you would use for 64 ounces of 
water? 

 I see that you have built your table to find bigger and bigger 
amounts of lemonade mix and water.  Is there a way that you 
might be able to find SMALLER amounts that could help you 
to solve the problem? 
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Building a table of equivalent ratios and looking for patterns in the table. 
 If you look at the table the number of ounces is always twice as many as 

the number of tablespoons – or there are always half as many 
tablespoons of lemonade mix than ounces of water.  So there will be half 
of 64 or 32 tablespoons of lemonade mix with 64 ounce of water. 

 

Assessing Questions 

 How did you build your table? 
 
Advancing Questions 

 Can you use the pattern to find a SMALLER ratio? 
 Can you use that smaller ratio to help find the number of 

tablespoons of lemonade to add to 64 ounces of water? 

Finding a unit rate and scaling up to find the answer. 
 
There are two possible unit rates:   

 ½ tablespoon of lemonade for each ounce of water – so, I will need 64 
times ½ or 32 tablespoons of lemonade for 64 ounces of water. 

 2 ounces of water for each tablespoon of lemonade mix, so, 64 ounces 
of water will need 32 tablespoons of lemonade mix. 

 

Assessing Questions 

 Why did you decide to figure out how many tablespoons/ounces 
went with ONE ounce/tablespoon?  

 Why did you multiply 64 times ½?  OR 

 Once you found that 2 ounces of water go with each tablespoons 
of lemonade mix, how did you figure out that you would need 32 
tablespoons of mix for 64 ounce of water?  

 
Advancing Questions 
 How did the unit rate help you to solve the problem? 
 How is a rate related to a ratio?   

Scaling up from the given values: 
 
I know that you use 3 tablespoons of lemonade mix with 6 ounces of water.  I want 
to find out how many times bigger 64 ounces is than 6 ounces, so I calculate 

64 ¸ 6  and get 10
2

3
.     So, I know I need 10

2

3
 times as much lemonade mix. 

 
 

10
2

3
  x 3 tablespoons = 32 tablespoons. 

 
 
 

Assessing Questions 

 Explain your strategy. 
 How did you decide that you needed to divide?  What does the 10 

2/3 tell you? 
 How did you know that you needed to multiply 10 2/3 times 3? 
 
Advancing Questions 

 How do you know that the ratio 32 tablespoons to 64 ounces is 
equivalent to the ratio 3 tablespoons to 6 ounces? 

 You used the strategy “scaling up” to get from 6 ounces of water 
to 64 ounces of water.  Can you also scale down, and could that 
be another strategy that you could use to solve the problem? 
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Possible Errors and Misconceptions Possible Questions to Address Errors and Misconceptions 

Unit conversion is inaccurate. 
 
1. Not able to solve using 3 different methods. 
 

Assessing Questions 

 How did you determine how many ounces will be in 2 quarts?  
 
Advancing Questions 

  

SHARE DISCUSS ANALYZE PHASE:  Deepening and Connecting Mathematical Understanding 

General Considerations: 

 Orchestrate the class discussion so that it builds on, extends, and connects the thinking and reasoning of students 
 Sequence the solution paths so that you will be able to press students to make comparisons and connections across, and between, the various solution 

paths. 

Possible Sequence of Solution Paths Possible Questions and Possible Student Responses 

 
 
 
 
 

Explain your group’s solution. 
  

 
 
 
 
 

  

 

CLOSURE 

Quick Write: 

 When we scale up or down a recipe, how do we make sure that we don’t change the recipe? 

Possible Assessment: 

 Provide additional contexts where students need to scale a recipe up.  Ask them to explain their reasoning in writing. 

Homework: 

 Find items from current curriculum that will allow students to apply the same ideas and understandings. 
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Lemonade Mix 

 
Solve this problem in at least three different ways:  

 

To make one glass of lemonade, use 3 tablespoons of lemonade mix and 6 ounces of 

water.  How much mix do you need to add to 2 quarts of water to make a pitcher of 

lemonade? 

98



 

© 2010 University of Pittsburgh        
 

MIXING PAINT TASK 
SIXTH GRADE LESSON GUIDE 

 

LESSON OVERVIEW: 

Students will be presented with a task of mixing two different colors of paint to make a third color.  
 

COMMON CORE STATE STANDARDS: 

 6.RP.1  Understand the concept a ratio and use ratio language to describe a ratio relationship between two quantities. 
 6.RP.2  Understand the concept of a unit rate a/b associated with a ratio a:b with b ≠ 0, and use rate language in the context of a ratio relationship. 

 6.RP.3  Use ratio and rate reasoning to solve real-world and mathematical problems, e.g., by reasoning about tables of equivalent ratios, tape 
diagrams, double number line diagrams, or equations. 
a. Make tables of equivalent ratios relating quantities with whole number measurements, find missing values in the tables, and plot the 

pairs of values on the coordinate plane.  Use tables to compare ratios. or 

b. Solve unit rate problems including those involving unit pricing and constant speed.  For example, if it took 7 hours to mow 4 lawns, then 
at that rate, how many lawns could be mowed in 35 hours?  At what rate were lawns being mowed? 

c. Use ratio reasoning to convert measurement units to manipulate and transform units appropriately when multiplying or dividing 
quantities.  

 
DRIVING QUESTION:  

 HOW CAN WE USE 
BOTH PART-PART 
AND PART-WHOLE 
RELATIONSHIPS TO 
SOLVE PROBLEMS? 

 HOW CAN WE 
ORSERVE AND 
JUSTIFY THAT SOME 
RATIOS ARE 
EQUIVALENT? 

 
 
 
 

NCTM ESSENTIAL UNDERSTANDINGS
1
:  

4. A number of mathematical connections link rations and fractions: 
a. Ratios are often expressed in fraction notation, although ratios and 

fractions do not have identical meaning. 
b. Ratios are often used to make “part-part” comparisons, but 

fractions are not. 
c. Ratios and fractions can be thought of as overlapping sets. 
d. Ratios can often be meaningfully reinterpreted as fractions. 

6. A proportion is a relationship of equality between two ratios. In a proportion, 
the ratio of two quantities remains constant as the corresponding values of 
the quantities change. 

7. Proportional reasoning is complex and involves understanding that: 
a. Equivalent ratios can be created by iterating and/or partitioning a 

composed unit; 
b. If one quantity in a ratio is multiplied or divided by a particular 

factor, then the other quantity must be multiplied or divided by the 
same factor to maintain the proportional relationship; and 

SKILLS DEVELOPED: 

 Use tables to solve 
proportional reasoning 
problems 

 Use unit rate and 
multiplication to solve 
proportional reasoning 
problems 
  

                                                 
1
 NCTM (2010)  Developing Essential Understandings of Ratios, Proportions & Proportional Reasoning:  Grades 6 -8. 
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c. The two types of ratios – composed units and multiplicative 
comparisons – are related. 

8. A rate is a set of infinitely many equivalent ratios. 
9. Several ways of reasoning, all grounded in sense making, can be 

generalized into algorithms for solving proportion problems. 
10.  

MATERIALS:     
 
 
 

GROUPING:   
 
Student’s will work independently and then in groups of four to five. 

 

SET-UP 

Instructions to Students:  Students will be instructed to work alone for 8 to 10 minutes.  Then they will take turns in their respective groups 
and share their solution paths.  

EXPLORE PHASE:  Supporting Students’ Exploration of the Mathematical Ideas 

Private Think Time:  Allow students to work individually for 8 to 10 minutes without intervening, though you might want to circulate quickly to get an 
idea of the strategies that they are using. 
Small-Group Work:  After 8 to 10 minutes, ask students to work with their partner or in their small groups.  As students are working, circulate around 
the room.  Be persistent in: 

 asking questions related to the mathematical ideas, problem-solving strategies, and connections between representations. 

 asking students to explain their thinking and reasoning. 

 asking students to explain in their own words, and build onto, what other students have said.  
As you circulate, identify solution paths that you will have groups share during the Share, Discuss, Analyze Phase, and decide on the sequence that you 
would like for them to be shared.  Give groups a “heads up” that you will be asking them to come to the front of the room.  If a document reader is not 
available, give selected groups an OVH transparency or chart paper to write their solution on. 

Possible Solution Paths Possible Assessing and Advancing Questions 

If a group is unable to start: Focus students on what they know from the word 
exploration itself. 
 

 
 
 
 

Assessing Questions 

 Tell me what you see happening in the table. What 
patterns can you see? 

 

Advancing Questions 

 Where do you expect to see the 45 liters appear in the 
table?  Why? 

 What about the 15 liters?  Why? 

Parts a and b: To make 5 liters of green paint, 2 liters of blue and 3 liters of Assessing Questions 
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yellow are needed.   
 
I know that (5 x 9 = 45).  In order to get to 45 liters of greet paint, I must 
repeat this process 9 times.   

Liters of Blue 
Paint   

Liters of Yellow 
Paint 

Liters of Green 
Paint 
 

2 
2 
2 
2 
2 
2 
2 
2 
2 
18 

3 
3 
3 
3 
3 
3 
3 
3 
3 

            27 

5 
5 
5 
5 
5 
5 
5 
5 
5 

           45 

    This shows that in order to have 45 liters of green paint you would need 18 
liters of blue paint and 27 liters of yellow paint.      
       

 How did you make your decision? 
 Can you show me where in the table we can see the 

“9?” 
Advancing Questions 

 Can you think of another way that you could have 
arranged your table and arrived at the same answer? 

 Could you use this same strategy to find out how 
many liters of blue and yellow paint would be needed 
to make 75 liters of green paint? 

Parts a and b: 
Student follows the first row of numbers and doubles the numbers to 
fill in the next row.  Therefore, the student believes that the 
subsequent numbers of each liter is twice that of the preceding liter.   
 

Liters of Blue 
Paint   

Liters of Yellow 
Paint 

Liters of Green 
Paint 
 

Assessing Questions 

 Tell me about your table and how it’s constructed. 
 Does the ratio of 2:3 change as you add more liters of 

paint? 
 
Advancing Questions 

 How many groups of 2 liters of blue paint does your 
table indicate? 

 Can you use that knowledge to solve the problem 
another way? 

 

101



© 2010 University of Pittsburgh       

2 
4 
6 
8 
10 
12 
14 
16 
18 
 

3 
6 
9 

12 
15 
18 
21 
24 
27 

 
 
 

5 
10 
15 
20 
25 
30 
35 
40 
45 

 
 

 

Part c: (Students may use fractions or decimals or both) 
Liters of Blue 
Paint   

Liters of Yellow 
Paint 

Liters of Green 
Paint 
 

2 
. 
. 
. 

14 
15 
16 
18 
 

3 
. 
. 
. 

21 
22 ½  
24 
27 

 
 
 

5 
. 
. 
. 

35 
37.5 
40 
45 

 
 

15 is half-way between 14 and 16 so the yellow must be half-way 
between 21 and 24 and the green half-way between 35 and 40.  

Assessing Questions 

 How did you find the numbers half-way between 14 
and 16, 21 and 24 and 35 and 40? 

 Can you actually buy 22 ½ liters of paint? 
 
Advancing Questions 

 Are these new items in the table still in the ratio of 
2:3? 

 How can you justify that the ratio has not changed? 
 

Part c: (Students may use fractions or decimals or both) 
The picture may be repeated until 15 blue liters are accounted for. 
 
 
 
 
 
Each blue liter matches 1 ½ yellow liters.  So 15 blue liters would 
need 15(1.5) yellow liters. So 22.5 yellow liters and 15 blues make 
37.5 green liters. 

Assessing Questions 

 What does your picture tell me? 
 How did you use the unit rate to find the answer to the 

problem? 
 
Advancing Questions 

 Are you saying that 1:1 ½ = 15/22.5?  Is it also true 
that 1:1 ½ = 15/37.5?  No?  Then what unit rate is the 
same as 15/37.5?  Why? 

Part c: (Students may use fractions or decimals or both) 
Student uses part-whole comparison 
2:5 is the ratio of blue to green and 3: 5 the ratio of yellow to green. 

Assessing Questions 

 How did you decide that 7 ½(2) = 15? 
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7.5(2) = 15, so I must multiply 7.5(3) and 7.5(5) to find yellow and 
green amounts.  (This may be shown in picture form or numerical 
form.) 

Advancing Questions 

 What are some of the equivalent ratios that you have 
formed in solving this problem?  How do you know 
they are equivalent? 

Possible Errors and Misconceptions Possible Questions to Address Errors and Misconceptions 

 
Student does not understand the relationship between the information given 
and how to complete the table.   
 
 

Assessing Questions 

 What is being asked? 
 Can you describe a pattern that you see in the 

numbers listed in the tabled so far?  
 Can you tell me the multiples of 2? Of 3? Of 5? 

 
Advancing Questions 

 What are the main points of the questions?   
 What would happen if you tripled  
 Can you think of a mathematical strategy that would 

allow you to keep this same ratio to make this shade of 
green without using a table? 

SHARE DISCUSS ANALYZE PHASE:  Deepening and Connecting Mathematical Understanding 

General Considerations: 

 Orchestrate the class discussion so that it builds on, extends, and connects the thinking and reasoning of students 
 Sequence the solution paths so that you will be able to press students to make comparisons and connections across, and between, the various 

solution paths. 

Possible Sequence of Solution Paths Possible Questions and Possible Student Responses 

 
 
 

Explain your group’s solution. 
 
 

 
 
 
 

  

 
 
 
 

  
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  

 

 

 

  

 

 

 

CLOSURE 

Quickwrite:  Write a brief explanation of how you solved the problem, giving specific examples and using math vocabulary words relating to ratio.  
  

Possible Assessment: Have some students make oral presentations that you can give a grade.   Collect student work to check for understanding and 
accuracy.  
 . 

Homework:  Have students create a ratio of two colors of paint that makes another.  Their task is to make larger batches keeping the ratios of paints the 
same so the new color is not compromised.   
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Mixing Paint 

Mark was mixing blue paint and yellow paint in the ratio of 2:3 to make green paint.  He wants 

to make 45 liters of green paint.  He began to make a table to help him think about the 

problem, but is unsure of what to do next. 

 

 

 

 

 

 

 

 

 

 

 

 

 

a.) Explain how to continue to add values to the table. 

b.) Write an explanation to Mark about how he can use his table to find how many liters of 

blue paint and how many liters of yellow paint will he need to make 45 liters of green 

paint. 

c.) Mark decides to buy 15 liters of blue paint.  He still wants to mix blue paint and yellow 

paint in the ratio of 2:3 to make green paint.  How many liters of yellow paint should he 

buy, and how many gallons of green paint he can make?  Use mathematical reasoning to 

justify your answer. 

Liters of 

Blue 

Paint 

Liters of 

Yellow 

Paint 

Liters of 

Green 

Paint 

2 3 5 

4 6 10 
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Title: Ratios and Proportional Relationships                                                      Grade: 6 
 

Linguistic Access:  
 

In the tasks presented, we can distinguish between the vocabulary and the language functions needed to provide 

entry points to the math content. These vocabulary words and language functions need to be explicitly taught to 

ensure comprehension of the tasks. One way this can be done is by using the following approach: 
 

 Introduce the most essential vocabulary/language functions before beginning the tasks.  

Don’t overwhelm students with too many words or concepts. Pick what is absolutely essential in each task. 

We suggest the following: 

1. Vocabulary words/phrases:  

Tier I (non-academic language): to appear, to stack up, to grow by, grew by, dozen, over the next 

two years, every two minutes, several, per 

Tier II (general academic language): “Explain your reasoning,”  respectively, to justify, to claim, 

greater/less than, more/less than, the most, as high as, unit, budget, to determine, to generate   

Tier III (math technical language): three times as much, fraction, percentage, ratio, rate, unit rate, 

elapsed time value  

2. Language functions: show, explain, determine, justify, generate, describe 
 

Content Access: 

To provide content access to ELLs, it is important that they are already familiar with the concepts of factors and 

multiples, equivalent fractions, fraction and fraction equivalence, understand the relationship among fractions, 

decimal and percents, and have knowledge of the metric and customary measurement systems. ELLs should 

already be familiar with the concept and interpretation of fractions and their symbolic representation.  

Before engaging ELLs on ratios and proportion, it is recommended that the teacher check for procedural skill and 

knowledge on how to find factors and multiples.  Make sure that ELLs conceptually understand the difference 

between a factor and a multiple.  

Also, check for understanding of equivalent fractions and how to convert a fraction to a decimal as well as a 

decimal to a fraction. ELLs should be familiar with arithmetic manipulation of both fractions and decimals. Not 

having sufficient skill in these topics will interfere with developing understanding on ratios and proportional 

thinking. 

The words “ratio” and “proportion” have some popular meanings, which many students (including ELLs) are likely 

to know and be familiar with. For instance, ELLs might think that two objects that are proportional means there is 

some sort of relationship between their size, weight, or even function and structure. However, in the context of 

mathematics, the word “proportion” has a very specific and unique definition. In mathematics, two ratios are 

proportional if their quotients are equal. Proportion is often and quickly tested by cross multiplication between 

ratios (e.g., a:b is proportional to c:d if, and only if, ad=bc).  

For ELLs, it is of fundamental importance that teachers take their time to develop the conceptual meaning that both 

of these words—“ratio” and “proportion”—have in mathematics. This will provide the foundation necessary for 
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“proportional thinking.”  

 As the concept develops, teachers should always refer back to the mathematical definitions and ask questions like: 

 How do you know these ratios are proportional? 

 What some implications of this proportional relationship?  

 

Possible Scaffolds and Resources:  

 Activate prior knowledge of the concepts of fractions and equivalent fractions by relating these 

mathematical ideas to students’ everyday experiences. For example:  

 Teacher uses symbolic representations, such as pictures, pictographs, and diagrams to assist ELLs in 

making connections between what they already know and the new ideas presented. 

 Review explicitly the academic language necessary in this unit and model the meanings of the 

words/phrases, if needed (e.g., ratio, rate, equivalent rations, unit rate). In this respect, it is recommended 

that: 

 Teacher models not only the math content but also the desired academic language in context to 

develop students’ second language. 

 Teacher uses physical objects to facilitate students’ understanding of the required mathematical 

concepts (e.g., manipulatives). 

 Teacher uses concept organizers (e.g., the Frayer Model, which describes characteristics, examples, 

and non-examples of key concepts/phases) to front-load key content and functional academic 

language in context. 

 Organize tasks to maximize opportunities for ELLs to engage in math discourse. Therefore,  it is 

recommended that: 

 Teacher allows students to work collaboratively in pairs or triads and to justify their decisions to 

peers. 

 Teacher allows ELLs to use their language resources, including their native language, gestures, 

drawings, etc. to convey their understandings. 

 Teacher comes prepared with pivotal questions that would move the mathematical discourse into the 

understanding of the essential or important mathematics imbedded in the task. 

 Teacher gives appropriate wait time for ELLs to respond. 

 Teacher gives the opportunity for ELLs to clarify their statements using different expressions. 

 Teacher uses paraphrases and “re-voicing” (reformulation of students’ statements using appropriate 

math terminology or syntax). 

 Facilitate a metacognitive approach to reading a math problem by encouraging students to monitor their 

understanding of the situation presented. This might include asking ELLs to: 

 Listen to the problem being read. 

 Read the problem by themselves or in small groups. 

 Discuss the problem with a partner. 
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 Underline relevant information. 

 Identify what the problem is asking and what they need to do to solve it. 

One good strategy is Reciprocal Teaching, where students follow a structured dialogue that involves 

questioning, summarizing, clarifying, and predicting. 

 There are some instructional implications that teachers may used to scaffold ELLs knowledge while 

introducing the concepts in the tasks. We recommend the following: 

 Use games requiring the comparison of equivalent ratios, percentages (e.g., I have … Who has …?). 

 Have centers or “clinics” available for investigation and practice of those proportional reasoning 

concepts needed. 
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Division of Students with Disabilities and English Language Learners  
 

GRADE 6 MATH: RATIOS AND PROPORTIONAL 

RELATIONSHIPS 
 

Instructional Supports for Students with Disabilities using UDL Guidelines 
 
 
Background Information 
Learners must develop a variety of fluencies (e.g., visual, audio, mathematical, reading, etc.) This means 
that they often need multiple scaffolds to assist them as they practice and develop independence. 
Curricula should offer alternatives in the degrees of freedom available, with highly scaffolded and 
supported opportunities provided for some, and wide degrees of freedom for others, who are ready for 
independence:  
 

 Provide differentiated models to emulate 

 Provide differentiated mentors, using different approaches to motivate, guide, inform or provide 
feedback 

 Provide scaffolds that can be gradually released with increasing independence and skills 

 Provide differentiated feedback: feedback that is a accessible because it can be customized to 
individual learners 

 Provide multiple example of novel solutions to authentic problems 
 
(CAST (2011). Universal Design for Learning Guidelines version 2.0. Wakefield, MA: Author.) 
 
 
 
 

Conceptual Understandings  
 

 Understand the concept of a ratio as a way of expressing relationships between quantities 

 Understand the relationship between parts and wholes 

 Distinguish when a ratio is describing part to part or part to whole comparison 

 Understand that a rate is a special ratio that compares two quantities with different units of 
measure  

 Understand how to make, complete, and read a table of equivalent ratios. 

 Understand that percentage-based rate problems compare two different units where one of the 
units is 100  

 Understand that measurement units employ ratio reasoning 
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 Illustrate through multiple media by presenting key concepts in one form of symbolic 
representation(e.g., an expository text or a math equation) with an alternative form (e.g., an 
illustration, dance/movement, diagram, table, model, video, comic strip, storyboard, 
photograph, animation, physical or virtual manipulative)  

 
Example # 1: Physical Manipulatives 

 

Manipulative Function 

Geoboards Use geoboards to show different ways of representing 
fourths and eighths. 
 

Tangrams Assign a particular value to a piece of the tangram. Based on 
that value, find the value of all the other six pieces. The 
values assigned can be values less than one or greater than 
one. Since there is a proportional relationship among the 
pieces, it does not matter.  

Pattern Blocks Like the tangram, a proportional relationship exists among 
the trapezoid, triangle, hexagon and blue parallelogram 
(pattern blocks). Use these relationships to develop 
fractional situations. 

Cuisenaire Rods Establish one rod as the whole. Have students establish the 
relationship of the other rods to this whole. 

 

 
Example # 2: Ratio Cards 

 Ratio cards are suggested as one way to approach proportional reasoning informally.  
 Students compare various visual representations of ratios intuitively. 
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Example # 3: Illustrated Problems 
 

The scientists at the research lab for New Jeans are trying to decide on just the right shade of blue for a 
new line of jeans. Being scientists, not mathematicians, the researchers decide to choose a color by 
mixing pure blue liquid and clear water together until they get just the right shade.  

The scientists have several beakers of liquid, some with blue liquid and some with clear water. They 
plan to mix these together in big bowls. Before they mix the liquids, they guess how blue the mixture 
will be. 

In the problem below, there are two sets (A and B) of blue-clear combinations to mix. Predict which set 
will be bluer, and explain your reasoning. Assume you do not know how to compare fractions with 
unlike denominators.  

 

 

Problem:    

 

Solution: A will be bluer, because B's mix is the same as A's, but with two additional clear beakers thrown in. 
http://www.learner.org/courses/learningmath/algebra/session4/part_b/index.html 

  
 

Example # 4: Virtual Manipulatives 
 
 With this virtual manipulative you may specify any two of the three quantities, "Part," "Whole," 
 or "Percent." When you click the Compute button, the computer will calculate the remaining 
 quantity. The percentage relationship is displayed visually in the vertical column of the Percent 
 Gauge and in a pie chart. An equation shows how to compute the unknown quantity, and 
 the result is stated verbally. http://nlvm.usu.edu/en/nav/frames_asid_160_g_2_t_1.html 
 
 

Example # 5: Videos 
 
 Developing Rate/Ratio/Proportion Middle School - Beyond the Introduction 
 http://www.youtube.com/watch?v=P_VCYl0zdts 
 
 Using Proportion to Solve Ratio Word Problems 
 http://www.youtube.com/watch?v=pJIGXAfCcpQ&feature=relmfu 
 
 Using Ratio Tables to Find Proportions and Solve Problems 
 http://www.youtube.com/watch?v=d625kdtsUIw 
 
 Proportion Word Problems 
 http://www.youtube.com/watch?v=VikfwNpnZ10 
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   Clarify vocabulary and symbols by pre-teaching and re-teaching vocabulary and symbols, 

 such as ratio; proportion; equivalent; reasoning; problem-solving; percent; whole numbers; 
 whole; part; and comparison 

 

Ratio 

A ratio is a comparison of two numbers. We generally separate the two numbers in the ratio 
with a colon (:). Suppose we want to write the ratio of 9 and 15. 
We can write this as 9:15 or as a fraction 9/15, and we say the ratio is nine to fifteen.  

 Examples:  

 Rachel has a bag with 3 CDs, 4 pens, 7 magazines, and 1 apple.  

 What is the ratio of magazines to pens? 
Expressed as a fraction, with the numerator equal to the first quantity and the denominator 
equal to the second, the answer would be 7/4. 
Two other ways of writing the ratio are 7 to 4, and 7:4.  
 

 What is the ratio of CDs to the total number of items in the bag? 
There are 3 CDs, and 3 + 4 + 7 + 1 = 15 items total.  
The answer can be expressed as 3/15, 3 to 15, or 3:15.  

 
 
 

Proportion 

 A proportion is an equation with a ratio on each side. It is a statement that two ratios are equal.  
 2/4 = 4/8 is an example of a proportion.  

 When one of the four numbers in a proportion is unknown, cross products may be used to find  
 the unknown number. This is called solving the proportion. Question marks or letters are 
 frequently used in place of the unknown number.  

 Example:  

 Solve for n, if 1/2 = n/10 
 

 Using cross products, we see that 2 × n = 1 × 10 = 10, so 2 × n = 10.  
 Dividing both sides by 2, n = 10 ÷ 2 so that n = 5.  

   
                  
 

1 
2 

 

 
= 

n 
10 
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 Note: To cross-multiply, you take each denominator ACROSS the "equals" sign and MULTIPLY it 
 on the other fraction's numerator. The cross-multiplication solution of the above exercise looks 
 like this: 

 

 

  

 
 Activate or supply background knowledge by anchoring instruction. One can anchor 

instruction by linking to and activating relevant prior knowledge, by using visual imagery, 

concept anchoring, or concept mastery routines: 

 

Anchoring Instruction Activities 
 
 

1. Write a ratio to describe objects in a picture using online website with self-checking 
  http://www.ixl.com/math/grade-6/write-a-ratio-to-describe-objects-in-a-picture 
 

2. Make explicit cross-curricular connections (e.g., teaching literacy strategies through 
math instruction, using literature:  
 

 Cut Down to Size at High Noon by Scott Sundby and illustrated by Wayne 
Geehan 

 If You Hopped Like a Frog by David M. Schwartz and illustrated by James 
Warhola  

 If the World Were a Village: A Book about the World's People by David J. Smith 
and illustrated by Shelagh Armstrong 

 
3. Complete ratio tables using online website with self-checking 

  http://www.ixl.com/math/grade-6/ratio-tables 
 

4. Identify equivalent ratios using online website with self-checking 
  http://www.ixl.com/math/grade-6/equivalent-ratios 
 

5. Compare Ratios/Word Problems using online website with self-checking 
  http://www.ixl.com/math/grade-6/compare-ratios-word-problems 
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6. Fill in the missing number to complete the proportion 
http://www.ixl.com/math/grade-6/proportions 

 

7. Compare percents to each other and to fractions using <, >, and = 
  http://www.ixl.com/math/grade-6/compare-percents-to-each-other-and-to-fractions 
 

8. Percents of numbers: word problems  
http://www.ixl.com/math/grade-6/percents-of-numbers-word-problems 
 

9. Match the equivalent ratios 
http://www.harcourtschool.com/activity/con_math/g05c27.html 
 
 

 
 Provide options for comprehension by supporting the decoding of text, mathematical 

notation, and symbols through the use of embedding visual, non-linguistic supports and by 

providing links to glossaries on the web:  

 Purple Math 
http://www.purplemath.com/modules/ratio.htm 

 

 Math.com: The World of Math Online 
http://www.math.com/school/subject1/lessons/S1U2L2GL.html 
 
 

 

 Build fluencies with graduated levels of support for practice and performance.  

 Match the equivalent ratios 
 http://www.harcourtschool.com/activity/con_math/g05c27.html 
 

 Interactive Ratio Games 
 http://www.softschools.com/math/ratios/ratio_coloring_game/ 
 

 Percentage Game 
 http://www.softschools.com/math/percent/games/ 
 

 Convert actual heights of skyscrapers, bridges, and tunnels into a reduced scale of inches 
 http://mypages.iit.edu/~smart/dvorber/lesson3.htm 
 

 Use the recipe for Salad Nicoise and determine the amount of each of the given ingredients you 
will need to make the quantities that are indicated (with answers provided): 

 http://mypages.iit.edu/~smart/dvorber/activity2.htm 
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 Students will explore the relationship between the number of cups of hot water and the 
corresponding number of scoops of hot chocolate mix for a recipe to make hot chocolate. 

 http://education.ti.com/calculators/timathnspired/US/Activities/Detail?sa=1008&t=9447&id=16
 892 
 

 Thinking Blocks teaches how to solve word problems dealing with ratio and proportion, with 
accompanying text and audio components.  

 http://www.thinkingblocks.com/ThinkingBlocks_Ratios/TB_Ratio_Main.html 
 

 PowerPoint Presentation for Revising Ratio and Proportion - provides lots of practice for 
students and could be used in a whole class overview, or with pairs of students at the computer. 
 

 This lesson focuses on a real-life business application of ratios - the price to earnings ratio used 
when looking at stocks. The lesson contains a power point presentation, as well as a worksheet 
and answer key. 
http://www.uen.org/Lessonplan/preview.cgi?LPid=25290 
 

 Lesson Plan using If You Hopped Like a Frog by David Schwartz 
http://www.scetv.org/education/ntti/lessons/2006_lessons/frog.cfm 

 

 Students will seek to determine the approximate height of a giant given only an example of a 
giant hand print. 

 http://cmase.uark.edu/teacher/workshops/AIMS-lessons/Hands_on_the_Giant.pdf 
 

 Learn, Practice, and Explore Ratios 
 http://www.aaastudy.com/g62a_rx1.htm 
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