COMMON CORE-ALIGNED TASK
WITH INSTRUCTIONAL SUPPORTS

Mathematics

HIGH SCHOOL ALGEBRA: AUSSIE FIR TREE
ANNOTATED STUDENT WORK

This section contains annotated student work at a range of score points and implications for
instruction for each performance level. The student work shows examples of student
understandings and misunderstandings of the task, which can be used with the implications for
instruction to understand how to move students to the next performance level.
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High School Algebra: Aussie Fir Tree

Annotated Student Work

Level 4: Achieves Standards at a High Level (Score Range 8 — 10)
The student’s response meets the demands of nearly the entire task, with few errors. With
some more time for checking and revision, excellent solutions would seem likely. The student

response shows understanding and use of stated assumptions, definitions and previously

established results in construction arguments. The student is able to make conjectures and
build a logical progression of statements to explore the truth of their conjecture. The student
response routinely interprets their mathematical results in the context of the situation and
reflects on whether the results make sense. The communication is precise, using definitions
clearly. The students looks closely to discern a pattern or structure. The body of work looks at

the overall situation of the problem and process, while attending to the details.

Student A (9 points)

Stage 3

Stage 4

12 unit sauares
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The student is able
to identify the visual
pattern and draw
stage 5. The student
doesn’t count the
total or attempt to
describe the
attributes of how the
pattern grows.

1. Draw and describe Stage 5 of the pattern in terms of its shape and number of
unit squares needed to construet the fir tree.
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The student uses
this pattern of
increasing
consecutive even
numbers to find
the total number
of squaresto
build stage 10.

High School Algebra: Aussie Fir Tree

Annotated Student Work
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4. Given any *;tage number n, determine a closed form equation to determine =7 ~
the amount of unit squares needed to build the tree.
e
7] / L The student uses
Lf = EVH'- 1-{;"1 = correct algebraic

- ‘\ notation to write a

closed equation in
part 4. (CCSS
Creating Equations)

5. Your mate tells you that exactly 274 unit squares will make an Aussie Fir
Tree. He is wrong. Explain to him why, his statement is false.
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In part 5 the student uses the equation
and substitution to show why 274 is
not a possible solution. A better
argument would have also included
the pattern above as well the pattern
below to disprove the statement. (MP

3)
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High School Algebra: Aussie Fir Tree
Annotated Student Work

Student B (8 points)
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The student uses the
information given on
page oneto look at
patterns and to
experiment with
numerical expressions
to get the given totals.
The student then uses
the pattern to generate
the total squares
without counting. The
student is able to
identify the visual
pattern.
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High School Algebra: Aussie Fir Tree

Annotated Student Work
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3. How many unit squares are needed to build a Stage 10 Aussie Fir Tree?
Show your work. (o) :
%H—'r_"; W 2 lox1 = U0 unic The student uses

\ the generalization
(from part 2) to
calculate the total
for stage 10.

4. Given any stage pumber n, determine a closed form equation to determine

the amount of unit squarcs nceded to build the tree.

The student uses variables
and correct notation to N '\" ) =a 7
write a closed equation in :
part 4. (CCSS Creating 5 - _
Equations) Notice that the L= OMGurd ok wat Squaret. Nécded
student definesthe /
variable not given in the
stem of the prompt.
5. Your mate tells you that exactly 274 unit squares will make an Aussie Fir ﬂ/" -
Tree. He is wrong. Explain to him why his stalement is false. i
EeCoaR 10 L Lonseruhive d< mulhiola to goaail 274
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The student could give
more detail in part 5,
making a convincing
argument. (MP 3)

Level 4 Implications for Instruction

Students need more opportunities to develop justification and make convincing arguments.
They should have frequent opportunities to question, to critique, and to improve the arguments
of others. “Does this convince you? Why or Why not? What would make it more convincing?
Why do you disagree? How could you convince the person to change their mind?”

Students at this level should be encouraged to give algebraic as well as numeric ideas to make
their justifications.
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High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 3: Performance at Standard (Score Range 6 — 7)

For most of the task, the student’s response shows the main elements of performance that the
tasks demand and is organized as a coherent attack on the core of the problem. There are
errors or omissions, some of which may be important, but of a kind that the student could well
fix, with more time for checking and revision and some limited help. The student explains the
problem and identifies constraints. The student makes sense of quantities and their
relationships in the problem situations. They often use abstractions to represent a problem
symbolically or with other mathematical representations. The student response may use
assumptions, definitions, and previously established results in constructing arguments. They
may make conjectures and build a logical progression of statements to explore the truth of their
conjectures. The student might discern patterns or structures and make connections between
representations.

Student C (7 points)
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High School Algebra: Aussie Fir Tree

Annotated Student Work

In part 2 the student
notes clearly the
pattern of increasing
consecutive even
numbers and can use
this pattern to make a
convincing argument
in part 5.
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3. How many unit squares are needad to build a Stage 10 Aussie Fir Tree?

However the student
can’'t move past the
recursive pattern to
find an equation in
part 4. (CCSS
Equations and
Inequalities) The
student seemsto
attempt to quantify an
algebraic pattern for
stage 3, which does
not correlate to work
in other parts of the
paper. The student
doesn’t seem to
connect the idea of
equation as atool for
generalizing to all
Cases.

Show your work.
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The student is also
able to use the
pattern of increasing
consecutive even
numbersto find the
total for stage 10.
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5. Your mate tells you that exactly 274 unit squares will make an Aussie Fir

Tree. Heis wrong. Explain to him why his stalement is false.
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High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 3 Implications for Instruction

Students at this level still struggle with giving good verbal descriptions of what they see. The
biggest difficulties were in finding generalizable rules rather than recursive rules. One helpful
way to do this is to ask students break down the pattern into simpler parts. “What do you see
when you look at the pattern? How can you decompose the shape into parts?. . . . How does the
tree trunk grow? How could we use algebra to describe how to find the tree trunk for any
pattern number?” Breaking down the problem into simpler steps helps students manage the
thinking in smaller chunks.

Students need opportunities to compare and contrast strategies and to evaluate their
usefulness. So during class discussions it is important not to stop after several students have
shared how they solved the problems. Teachers need to ask students to think about and reflect
on the strategies. “Which one is easier to use? Why? Which one would be most useful for
finding the 1000™ term? Why? What is the same about both formulas or strategies? What is
different? How can we be sure that they will always give the same solution?”

Students need more opportunities to develop justification and make convincing arguments.
They should have frequent opportunities to question, to critique, and to improve the arguments
of others. “Does this convince you? Why or Why not? What would make it more convincing?
Why do you disagree? How could you convince the person to change their mind?”
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High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 2: Performance below Standard (Score Range 4-5)

The student’s response shows some of the elements of performance that the tasks demand and
some signs of a coherent attack on the core of some of the problems. However, the
shortcomings are substantial, and the evidence suggests that the student would not be able to
produce high-quality solutions without significant further instruction. The student might ignore
or fail to address some of the constraints. The student may occasionally make sense of
guantities in relationships in the problem, but their use of quantity is limited or not fully
developed. The student response may not state assumptions, definitions, and previously
established results. While the student makes an attack on the problem it is incomplete. The
student may recognize some patterns or structures, but has trouble generalizing or using them
to solve the problem.

Student D (4 points)
] [ l |

1. Draw and describe Stage 5 of the pattern in terms of its shape and number of
unit squares needed to construct the fir tree. /

_/'. T :—_:_ -
s 5 S S The student is able to
1 identify the visual

= EW pattern. The student is

T \ able to draw the next
figurein the pattern

Performance Task The Aussie Fir Tree Pl and count the total
() joint copyright Silicon Valley Mathematics Initiative, SCALE, New York City DOE. 2010, number of squaresin
thedrawing. The
student notices that the
middle row increases
by 2 each time and that
each new branch adds
another square on each
side.
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The student isn't
quite able to come
up with the idea of
adding consecutive
even numbers each
time, but givesa
minimal description
tied to the structure
of the visual pattern.

2. Describe how the
| ‘

/V

Show your work.

The student does not
attempt to write an
equation. In part 3 he
uses arecursive idea
of adding 2, which
matches to either
increasing the side of
the branch, but does
not include the idea
that new branches are
added, or thinks about
the vertical branch
increasing by 2.
(CCSS Seeing
Structurein
Expressions) The
student needs
substantial instruction
to think about writing
an equation for the
entire situation.

/

Performance Task
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High School Algebra: Aussie Fir Tree
Annotated Student Work

pattern is growing?

The Aussie Fir Tree
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3. How many unit squares are needed 1o build a
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Stage 10 Aussie Fir Tree?

4, Given any stage number n, determine a closed form equation to determine
the amount of unit squares needed to build the tree.

5. Your mate tells you that exactly 274 unit squares will make an Aussie Fir
Tree. He is wrong. Explain to him why his statement is false.

P2

The student also shows
this understanding of
consecutive even
numbers by choosing to
add 20 to stage 9 to get
stage 10. Unfortunately
the student has not
shown enough work, but
appears to have made a
calculation error
somewhere between
stage 5 and stage 9.
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Therecursive
thinking is
continued in part 5.
(CCSS Creating
Equations)
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High School Algebra: Aussie Fir Tree

Annotated Student Work
Student E (5 points)
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I. Draw and describe Stage 5 of the pattern in terms of its shape and number of
unit squares needed to construct the fir tree. '
1
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The student is much
more descriptivein the
size of the sides, stage
number minus one.
This quantification
sets afoundation for
writing the equation.
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High School Algebra: Aussie Fir Tree

Anno

tated Student Work
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2. Describe how the pattern is growing?
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4. Given any stage number n, determine a closed form equation to determine

the amount of unit squares needed to build the tree.
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The student can then use
the information from the
table to write an equation
for the pattern. (MP5)
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5 Your mate tells vou that exactly 274 unit squares will make an Aussie Fir
Tree. He is wrong. Explain to him why his statement is false.
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why the statement
isincorrect in part
5, which could
have led to the

i +Hh | Tl .

n |ig gy _ _\{ t~{’3f-.$+ (o U Y Onie W aufd be 2€ 0. Thet pood measem ¢ convchg ithout
11 ICI:::)*'[L " wooldm Make o Aymsie 'I-T"I.l'ﬂ Trée. Thic s F_;;h:{ﬂ e ﬁ:glg?]ealnl withou
il = the Hable oo et - -

(18 U 0% o e le X L arithmetic error.
5 Mgt P performance Task I'he Aussie Fir Tree EI; - (MP3) The

G |7 L-"ﬂ ¥T (¢} Silicon Valley Mathematics Initiatve 2010, To reproduce this documedt, permission must be granie = — student didn’t

SV MIintoflsymimac.org

22

check therule
using the equation
generated in part
4.(MP1)




High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 2 Implications for Instruction

Many students at this level are using recursive rules to extend the pattern. While this is helpful
and easy to use for a small number of cases, it is cumbersome and prone to errors when trying
to extend the pattern for larger numbers. Students need to see that it is more helpful to find
more generalizable rules to solve problems for all cases.

One helpful way to do this is to ask students break down the pattern into simpler parts. “What
do you see when you look at the pattern? How can you decompose the shape into parts? How
does the tree trunk grow? How could we use algebra to describe how to find the tree trunk for
any pattern number?” Breaking down the problem into simpler steps helps students manage the
thinking in smaller chunks. But students in this stage need to learn questions to help them
progress in their thinking, to develop strategies for finding a generalizable rule.

Students need to be encouraged to give more detail about what they see. So in class the
teacher might ask, “That’s interesting, can you tell me a bit more? Or where do you see the nin
the diagram or the (n+1)?” The more detailed their descriptions usually the easier it is to
quantify the ideas symbolically. Students should also be more descriptive in thinking about
classes of numbers. In elementary school it is good to notice that numbers are odd or even, but
by this grade level students should start to classify numbers as consecutive or consecutive odd
numbers, multiples of ..., powers of ..., triangular numbers, etc. The types of patterns that
students think about should be expanded.

Students need to have experiences thinking about types of linear patterns; those that are
proportional and those that are not proportional. Take the work of student 692. The strategy of
doubling from case 5 to case 10 works for proportional patterns, but not for patterns with a
constant. Students can benefit by looking at two cases at the same time and comparing which
one will work by doubling and which one won’t. Drawing graphs of the situations can help to
clarify this idea.
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High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 1: Demonstrates Minimal Success (Score Range 0 -3)

The student’s response shows few of the elements of performance that the tasks demand. The
work shows a minimal attempt on the problem and struggles to make a coherent attack on the
problem. Communication is limited and shows minimal reasoning. The student’s response

rarely uses definitions in their explanations. The student struggles to recognize patterns or the

structure of the problem situation.

Student F (2 points)
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The student
notices that the
vertical squares
go up by an even
number, rather
than increase by
2's. By grade 9,
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4. Given any siage number o, detarmine a closed form equation to determine

the amount of unit squares necded o build the tree.

& Your mate tells you that exactly 274 unit squares will make on Aussie Fir
Tree. He is wrong. Explain to him why his statement is false.
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The student is able to
identify the visual
pattern. The student is
able to draw and count
the squaresin the next
pattern of the
sequence. The student
notices that each new
branch is going up by
odd numbers, but
doesn’t quantify how
much to increase each
time.

The student uses
proportional reasoning to
increase the pattern from
stage 5 to stage 10. The
lack of quantitative
reasoning at earlier parts of
the task doesn’t give the
student enough detail to see
that the pattern is not
proportional or even linear.
(MP 7 CCSS Seeing
Structure in Expressions)
The student does not have
the perseverance to attempt
further parts of the task.




High School Algebra: Aussie Fir Tree
Annotated Student Work

Level 1 Implications for Instruction

Students need help learning to describe accurately and precisely what they see as the visual
pattern grows. These descriptions become tools that can be used to describe the pattern
algebraically.

Students need ways of organizing their thinking, such as making tables to see how the pattern
grows numerically. The work done by student 209 can help to lead to a full solution
algebraically, but students need discussions about the purpose of the tools. Students at this
level don’t know or understand the purpose of the tools, so even when they make a table that
aren’t sure of what they learn from it that can help them make the generalization. A useful
teaching devise is self talk. The teacher starts to solve a problem or a student describing a
solution goes part way, then the teacher stops and asks, “What do you think comes next?”
Students need to start anticipating how the solution progresses. In this case, students might
notice that each stage increases by a consecutive even number.

Students need to talk about cases. When making a conjecture, they need to understand that
just one example is not sufficient. They need to test their ideas against several cases to see if it
at least holds true for all the examples that they have available. At later stages of their
development, they will learn that there are never enough examples to prove a case and that the
proof lies in the physical geometry of the pattern. However, many students at this level made a
generalization, when they had other examples on their paper that disproved their assertions.
Students need frequent opportunities to work with patterns, organize the information for them,
and make and test conjectures.
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COMMON CORE-ALIGNED TASK
WITH INSTRUCTIONAL SUPPORTS

Mathematics

HIGH SCHOOL ALGEBRA: AUSSIE FIR TREE
INSTRUCTIONAL SUPPORTS

The instructional supports on the following pages include a unit outline with formative assessments
and suggested learning activities. Teachers may use this unit outline as it is described, integrate parts
of it into a currently existing curriculum unit, or use it as a model or checklist for a currently existing
unit on a different topic.
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